CHAPTER 3
Functions of a Complex Variable

[E—

—

3.1. INTRODUCTION

—

A complex number 2 is an ordered pair (x, y) of real numbers and is written as
z=x+1y, wherei= .J~_].,
The real numbers x and y are called the real and imagi-

nary parts of z. In the Argand’s diagram, the complex number 2 Yf
is represented by the point P(x, y). If (r, 8) are the polar coordi- P ix, y)

(&, %
nates of P, then r = /x* + y* is called the modulus of z and is

denoted by | z |. Also B = tan™! % is called the argument of z y

and is denoted by arg. z. Every non-zero complex number z can o
be expressed as \

z=r(cos B +isin B) = re®
If z = x + iy, then the complex number x — iy is called the
conjugate of the complex number 2 and is denoted by z.
Clearly, IZ 1=12]:]2|%=2¢,

(o]
»
=
x#

z+2 , z-z
R(21=T. I(z) = %

3.2. FUNCTION OF A COMPLEX VARIABLE

) If x and y are real variables, then z = x + iy is called a complex variable. If correspond-
Ing to each value of a complex variable z(= x + zy) in a given region R, there correspond one or
more values of another complex variable w (= u + iv), then w is called a function of the complex
variable z and is denoted by

w=fz)=u+iv

For example, if w =22, where z =x + iy and w = flz) = u + v
then w+iv = (x +iy)? = (x* = y%) + i(2xy)
i u=x*-y* and v=2xy

Thus u and v, the real and imaginary parts of w, are functions of the real variables
Xandy,

w = flz) = ulx, y) + vlx, y)

m
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value of w, then w is
If to each value of z there mmswﬂdsfﬂn:h‘;nr: only oné
single-valued function of z. If to each valuezo z
then w is called a multi-valued function "
To represent w = fiz) graphically, we ta
point z and the other to represent u.

and the latter zOu-plane or the w- -plane.

.3. EXPONENTIAL FUNCTION OF A COMPLEX VARIABLE

Def. The exponential function of the complex variable z = x + 1y,
is defined as

2 n
Tt
1' 2' n!
where, e = 2.718 is the base of natural logarithms
Replacing z by x + iy, we have

e"—1+

” (x+ iy}z & (x + l:_vls "
1! 2! 3!
Putting, x = 0, we get

| o il s o5

o By @) ) )

e S T T
2 +8 4 b |
Eoatlogd o B I.

L2=—L

=1+iy=-=—~- 4 5

21 3! 4! 5!

( 2 4 \
= l-l-+y—+mJ+¢
{7~ dL- 4!
eV =g' e¥=¢"(cosy+isiny)
[Nnte. We have proved ¢ = cos y + i sin y

Changing i to - i (e, taking conjugates of both sides), ¢ = cos y — i sin y.|
'3.4. PERIODICITY

31 51 ‘---]=cosy+isiny

Tig

______\g
correspond more than one valueg ul‘

two Argand diagrams: one to represent
The former diagram is called the xOy-plane or the Plaue

—
where x and y are real,

i ==

e* IS A PERIODIC FUNCTION, WHERE z IS A COMPLEX VARIABLE

Proof. Let
then, by definition

Z=x+1iy
€ =e"*Y=¢"Tcos y + i siny) = e‘[cos[2nn+y}+t8m{2n’”'3')]
=¥ glllnn+y)

nilmlvyl_euoula.znn eaf&’mu

i.e., & remains unchanged when 2 is increased by any multiple of 2::;
= e" is a periodic funetion with period 2ni.
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m— ILLUSTRATIVE EXAMPLES
Example 1. Split up into real and imaginary parts;
)
" ar 13 2
e 2 (i) ¢ ¥+ M (iii) e
Sol. (1) euzw=ea[cos}-+isin“«"£510 '
—_ = .1 =
5 2| +5.1)

&+ L in b+ lu
Refe 2 ]=0, Imle 2 |=,5
(i) (5 + 3i)% = 25 + 9i% + 30i = 16 + 30i - =-1]

e%+ 90" = ¢18 430 _ 416 (005 30 4  gin 30)

Re (%3] = ¢16 cos 30, Im [€5*3") — ¢16 gin 30
(zit) e =" =g ey rising 2 " cay)vite any)
=€ “®¥ [cos (e* sin y) + i sin (¢* sin y)]

Rele” ) =e* ¥ cos(e” sin y)

Im (e )= e Y sin (e sin y).
Example 2. Find all values of z which satisfy e = 1 + 1.
Sol.Since &€ =&t = ¢" (cosy + [ sin y)

e€=1+1 = elcosy+isiny =1+
Equat:mg real parts e cosy =1 -A1)
Equating imaginary parts e siny=1 .(2)
¥y

or

Squaring and adding (1) and (2), we get
ez‘(coszy\';l-si.nfy]=1+l or eX=2
‘ 2x=log2 .. x=%log2
Dividing (2) by (1), m,:x:m%

T ; 3
=¥ y=nﬂ+-‘i, where n is an integer.

Z=x+iy= -;—log2+£(mt+%\, where n=0,x1,+2,

Example 3. Prove that [sin (0. — 0) + e sin 0]" = sin™! o Isin (¢ ~ nB) +e** stn no).
Sol. L.H.S. = [(sin « cos § — cos « sin 8) + (cos o — I sin ) sin B]"
= (sin ot cos O — i sin a sin B)" =
= [sina.e " =sin" a. e

[sin « (cos 8 — ¢ sin 8)]"

RHS. = sin™! @ [(sin o cos n® — cos a sin nB) + (cos a — & sin ) sin nb)
= sin™! o [sin o cos n8 — i sin @ sin nB) = sin" « [cos n® - ¢ sin 18]
- s'lnu a. e—ma
.~ LHS.=RHS.
... d i
' Z=—"——+Chi+ -*where L. P. R are real, express p tn the form Ae
Example 4. Given S~ L + =

8iving the values of A and 6.
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TRIGONOMETRIC FUNCTIONS OF
i 1, cPi+ % .3,3‘-—"-_' = A COMPLEX VARIABLE
Sol. o LPi 1. Definitions. For all real values of x, we know that
1 R+LP2CRI~1|+LP£ € =cosx+isinx and e =cosx—;siny
—_ r——F_‘_-_.d_T_F-_.-_._ -
= ;3 3 LPR: Adding and subtracting, we get cos x =e“ +e . ix ‘."_'1
; - : 2i
) __,_._112?5-1—-—*—'. These are_called Euler’s Exponential values of sin x and cos ; where x € R
5 P= (R-LP*CR) +LPi If z = x + iy then trigonometric functions of z are defined as follows:
2 o . ix -z A i 3
_____I‘_P_E.l_'-——-—xﬂj%gm—m msz:e—;e—. smz:i‘z__e_ tanz=———5inz—7eu
* R-LP°CR)+LPi (R-LP°CR)-LPi , 2 cosz ile® +e™)
cosz i{e” +e ™)
[2P*R + iLPR (R - LP’CR) COLER CDE g ' Morw 2 2 :
=~ R_LPICR® +L'P*

= Alcos 8 + { sin ), say
Equating real and imaginary parts, we get
L?P%R
A cos 8= 2T RIoRY 4 127
LPR (R - LP’CR)
(R - LP)CR)? + L’P*
Squaring and adding (1) and (2),

Asint=

2 A2 L'P*R? + L*P?R? (R - LP’CR)?
© [R-LP*CR) + L’P?)?
L’P’R*|L’P* + (R - LP*CR)*)
©  IR-LP*CR)? + L*P?)?
L2p2R?
" (R-LP:CR)? + L2P?
=2 = 7 LPR
v(R - LP’CR)? + 12p?
Dividing (2) by (1),
tan 6 = LS LPEC_
LP
= 0 = tan1| RUL-LP%C)
. LP
H " :
ence “*—Aicoﬁﬁqu‘sin 8) = Api®
where A= LPR

LP

o S I RA=-1LPC)
\!"R-LP2CRF+L2P2 and 6 = tan-1 (20222

= =R h et = ——=

cos 2 e:z +e 1t sin z [+
2. Euler’s Theorem, ‘
For all values of 6, real or complex, &= cos8 + i sin 6.

i in i -1
For all values of 8, real or complex cos 6= =% _ andginp= 2 —° :
1
i -t L] ~if L]
cosBitigmOxl T € 2o i
2 2 2

Hence & =cos 0 + i sin 0 for all values of 0.
3. Periodicity of Circular Functions.
(a) To prove that sin z and cos z are periodic functions with period 2n.
iz -iz
We know that sinz=2 "% _ ;e
i
If r is any integer, then

el’l: + 2nm) _ ¢ iiz « 2nm)
sin (z + 2nm)

20

P ‘eEu.‘u s giE _E—an I P

- - et o ) zetem
2% : | 1 =p-iam]

=sinz
= sin z remains unchanged when z is increased by any multiple of 2n.
sin z is a periodic function with period 2n.
Similarly, cos z can be shown to be a periodic function with period 2n.
(b) To prove that tan z is a periodic function with period n.

iz -z
-
We know that | F T e
e +e)
lfn' N |L.’—un.’_e—liz'nn' eq .t’mn—e"‘ .{'_m"
any integer, tan (z + nn) TR AR g I AR i (gH Gl L ool gnT)



A TEXTBOOK OF ENGINEERING MATHEMAT

118 ——Cy _NCTIONS OF A COMPLEX VARIABLE
. n '-"-——-_ '
Ml.lhlp])ﬂﬂg the numerator and denominator by e H-z) _ -il-2) i 17
= Qe _ =iz iz _ iz (v) sin (- 2) = = =v: e e¥ -
_e .e e R —tanz |- e2ami_ 2i 2ih=__‘£—=—sinz
ife® e +e™) ie“+e™) 1 5 sinfes e 3_3 e '
—» tan z remains unchanged when z is increased by any multiple of 7. w 2i =_2,- —,wherex = ¢ y =yt
unzi-aperiodicmnctionwithperiodﬁ- -_-u_y'a*a"y‘-‘“y) 1
2 “— == le®-e P43 oz o=
3.6. TRIGONOMETRIC IDENTITIES i o o = MR e
e - 1(2: sin 2)3 +3{2isinz]\=_l [ 8 sind e
If z is a complex variable, prove that 2 sin® z + 6i sin 2] = 3 sin z - 4 sin® 2.
(i) sin?z +cos®z =1 (i) sin 22 =2 sin z CO§ 2 (wii) RH.S.=3t£z-—tan32-
liiilcas22=cas"z—singz=2cas"’z—I=I—2sin22 | 1-3tan®z
2t Feg d r :
[iu}tan2:=—ﬂ—z— (V) sinf-z)=-sinz 3 e -e | | e¥ - T‘ - -
l—fangz i '[iz -1z :_ T £ _e“ -] llf‘x“eus
& ireaon? __ L¥e +&] il +e™) | i rem | i | e 4ot
(vi) sin 3z = 3 sin z - 4 sin’ 2 lvii)tun32=-—a—z——a-“—_z [ amagt T o= —— Culihd
1-3tan® z g P T L [ e -2
| o = . 2 Li‘eil_‘_e—u] 1*-3 £ o
. . i o - e—u e” + e‘u o et re
Proof. ()L.H.S. =sin?z+cos®z= |5 +| ———— 3 u .
2 2 ' 3£+1.[£]
1 1 | e ST
=__t£’2“+e—m-2)+”(em+e'h+2]=l+l=l=n.ﬂ.s - 2 ,where x =¥ - ¢ y = ¢t B
4 4 22 “3[1] y=et+e
[~ S J -L 2iz !
i)  RHS.-2sinzeosz=2 -t 3. & °f -sin2=LHS .
i 2 2 i Iy +x° x(3y% + x* %z o -2iz 2 3
i mz o o 4 et P‘-"E_‘z 2 = ;y:‘ y 2+3 == 3; X2)=:\:{3§‘.‘ +3,e +64+ e +e‘3|:_2}
i z-sin*z=|—F -|—5 % ¥ e G +32%) iy (¥ 4o +243e% 43¢ -6)
1 2z | ,-2iz o A +4e™ 4 4) (" - 1o 4 1)
=7 (€2 + e 22+ 2) + (e + e - 2)] = B = co6 22 iy (4e® +4e® - 4) i(e® +e )™ +e ™ -)
_ - 3iz -Biz ;
e ret Y 1 20 4 gt el [ (a-bla® +b* +ab)=a® -5
costz~1=2 e — 41:?9 PR e Vi, e i(e®F +e7%) | (a+bXa® +b* —ab)=a’ +b°
= tan 32.
[t iy 18 e —e™ g 1, 20, -0z P
sn-z = 2% =1+E(e +e ~-2)= = cos 2z EXERCISE 31
Hence the result. | 1 ﬁ._
gE —pH ' . Ifz=x+iy, find the real and imaginary parts of (D) e (i) exp 2B () ———.
. ._. —— kl
o) RHS = 2002 ilefie®) 2(ef o) (" +e™) il isiocoms
_ 2 == : N o ; P
l1-tan”z 1_[ P _e—-u ]2 i'l':elz_'_e-l.a)a_‘_(ek_e_l'z)g] (i) sin (ﬂ+ﬂﬁ)—elﬂslnn9=e-¢nh sin o (if) |sin (e + B) = &° sin 0" = sin® @, en®
i(e% +e™ | (iii) ==—— =itan B, wherez=e"
2z Dz z!+1 ] = .
" 2(e*? =g ™) eiu _e-gu | O . E ”
T i2(e™ +e'2u}= T o =tan2z=LHS 4 ‘e that by a proper choice of p and g, pe™’ + ge-2® can be made equal to 5 cos 20 - 7 sin 26,
i(e™ +e™) =L.no. . Ifz is a complex number, prove that

(” ms(":)=oosz

(iii) cos 3z = 4 cos® z - 3 cos 2

i) tan (- z)=-tanz
sin 22
1+c0s22

fiv)tan z =
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= hat Ty
tha
aumbers, show i
5. [Ifz, z,are complex o in z, (i) cos (2, =2,) = c08 2, cos 2z, + M'nz] -
5 DS <9 - F
) gin (2 +z._,l=s|nz|t. ] ‘ _ L :
(i 1 tan "I_i.t_a:f.zr {jv)sinz, +sinz, = 2 sin J_g_‘g"-‘ﬂsfl.;fé
(i) tan (2; # 22) = 7 ¢an z) tan 22 -
_z.l
e 5+ sin L i 1Y
(v) cos z, — €08 = 230 -—-—-—2 2
6. Show that r
9 —¢ - ef) sin @
(i) cos (o + i) = e by eficos a+ 2
i
' l-r B 4 o) sin a + (e — %) cos a.
(1) sin (iw =P} = 2 ¢ 2 o e
7. If w and [} are the imaginary cube roots of unity, prove
4 - : o
= V3 Fo o N
2 | cos — sin — x |,
we™ + e =-¢ .1052.1'+\.‘3 7 J
Answers
PR R A
1 i)' cosy, —€ siny ({i) ¢ =7* coa 21y, e* ~¥" sin 2uy.
cos B - cos (B -0) sin@-Asin(0-¢)
Wt LA, Lo - 5
e 1-2hcosd+ A 1-2hcos 0+ A
8. p=t(+Tig=(6-T0.
2 2
3.7. LOGARITHMIC FUNCTION OF A COMPLEX VARIABLE

Definition. If w = ¢, where z and w are complex numbers, then 2 is called a logarithn

of w to the base ¢. Thus log, © = 2.
1. Prove that log, v is a many-valued function.

Proof. We know that e*™ = cos 2nm + { sin 2nn = 1
Let ¢ =0, then &*+2mW =gz p2m _pz 1=
By definition log, w = 2 + 2nmi, where n is zero, or any + ve or — ve integer.
Thus if z be a logarithm of w, s0 is z + 2nni.
Hence the logarithm of a complex numbe. infini d is thusa
many-value function, a " has e
::ﬂe- The value 2 + 2nni is called the general value of log_ w and is denoted by Log, -
B us Iﬂﬂ,w=z+2ﬂm=2nm+lo&,m
Hm = +ta_v, then Log (x + iy) = 2nnj + log (x + iy)
we = i 5
= Pmpvue tnha: “: the general value, we get the principal value of z, i.e., 10g, ©-
s %8 (-N) =i + log N, where N is positive.
: ‘P""N*—ll:N{coansinu}:N,.g""
_—— Ogl—f\l=lug[N.e"'}-_-logN+lo = log N + 1
; parate[.oglu+ilj)intorea]md. il ’
_ Imaginary parts.
Proof. Let @ + 2 = r(cos 8 + { gip 0) so that 5 p
Feye®y fF, = tan! —

(44
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Log (ct +if}) = 2nmi + log (. + if}) = 2nni + log [Hcos B + i sin §))

= 2nmi +log[re"*l=2mu'+1q;r+|nge'"=2nm‘ +logr+6
= 2nni + log ngq.ﬂz + i tan™! -E =2nm + ; log (e + %) + t tan~! =
o

) 1
Re(Log (e + if)] = 2 log (u? + f2)

Im([Log (a + iB)] = 2nn + tan! E.
1

Note. Putting n = 0, the principal value of log (« + if}) = %lug te? + p?)+itan! g
a

ILLUSTRATIVE EXAMPLES

rsin®

1
Example 1. Prove that log (1 + re’®) = —log (1 + 2r cos 0 + %) + i tan”! :
2 I1+rcos®

Deduce that log (1 +cos 0 + i sin 6) = Iog{?ms%]HE.
Sol. log (1 + re'®) = log [1 + r{cos 8 + { sin ﬁ>l=10g [(1 + r cos 8) + ilr sin 8)]

1 :
2 108 [(1+ r cos 07 + (r sin 6] + i tan™* %
1 . e §
— log [1 + 2rcos © + r¥ cos? 8 + r? sin” 8] + i tan™! r*imﬂ_-
" 1+rcos®

1f g ] rsinb .
= i tan”! —————— D)
2logll+:Z:»-u:os-ﬂw»r‘l+1tzm g t

log (1 + cos O + i sin B) = log (1 + &)

Now
Putting r = 1 in (1),
1 in 6
log(1+cosB +isinB) = 2 log(1+2cosB+1)+itan’! lil:()se
1] i}
1 n _ cos
-a log [2(1 + cos 8)] + i tan™! __2_02
21:06*2

r \2
( B
=%log}l2cos% 1”5

. g\
L l|:|g1|-2.21:os.2 E-\+ itan'! tan —]
2 7L 2] Vo2
1 1} . B f e} .8
- — - ‘—=1 2 o et
- 2.2!og[2c052)+1 2 08\ C°52"+‘ 2

Example 2. Find the general value of log (- 3).
Sol. - -3=3(-1)=3cisn=3e"

Log (- 3) = Log (3¢™) = 2nm + log (3 & |
= 2nni + log 3 + log & = 2nm +log3+im=log3+i(2n+ 1in
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Example 3. Separate in

to real and imaginary PO

Sol. Let 4+3;‘=ncos9+ismﬂ? 9_4‘,35.19,3
Equating real and imaginary pa.xtsr;;s = .r 7

Squaring and adding, 2=16+9= .
- B=tan"z

Dividing, t.n.rlﬁ:z
L0£l4+3£}=Loglr{w69+ismBl]=

=2mt.i+Iogr+loga_r"’=2mu'+log5+:'B=l.:|gs+2,.,,.L‘-_H.téuw_;1
4

Log (re*®) = 2nmi + log (re'®)

Re[Log (4 + 30)] = log 5

3

. -1

lmﬂnsf4+3ill=(2‘""+tan 4‘]-
Mgl i P gLt o e -
) sle —_— T
xample 4. Prove that tan ogaﬂb}‘ o

Sol.Let a+ib=r(cos®+isin6)

Equatingrea!andimaginarypansroosﬁ=a,rsin8=b

b
Dividing, tanf= — i
a i)

Also a-ib=r(cosB—isinB)
-if ]

i (cos 6 - sinB) S
LHS. = tan|ilog o> PSP [ gap ‘
{ Ogr(oosﬂﬂsinﬂ)J {tlog e.BJ

= tan [ log e %" = tan [i(- 2i8) log e]

2 2”
o _ 2tanB ",
= tan 26 = T [ of i)

t‘l!

2ab
at=pt
Example 5. Express Log (Log i) in the form A +iB.

Sol. jmcos X ius &
2 +:sm2 = g2

[agi=2urd+loge‘m=2nm+i-g=i(4n+1)£
Log(Logn=Log[e‘t4 > = omni
n+l)2 -2mm+|og[i{4u+1)§]
=2J»1run'+lng£a\lt:gtdwnllE
2
=2mmi + log ™2 4 | K
Bdn+1) = _g . .1 2
| ) 1]2—2mm+;*2-+1og(4n"'1)'2'
og(4n+l)‘2-+it4m+1j-g_

FUNCTIONS OF A COMPLEX VARIABLE
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3.8. THE GENERAL EXPONENTIAL FUNCTION

—!-"--_
Definition. The general exponential function a* is defined by the equation a* = ¢ 12,

where a and z are any numbers, real or complex.
1. Prove that a* is a many valued function.
Proof. Since Loga =2nmu + log a
. a’ = ¢*tnni + logal

Hence a* is a many valued function and its principal value is obtained by putting n = 0.
2, Separate (a + ib)** ¥ into real and imaginary parts.

Proof. (a + J'b}xu_r:elxu)-’]_qla«;bl
= g\t *1y) [2nm ikginoifj\ﬂ/

I:u)l[‘lnm* ll|:||;<cl= -b*)+stan’ i:]

= 2 a

{.’-lqin‘cb"l-iuny—ym‘h]+;[24mt;m'b«?hgla‘-bljh!‘

= ¢ al e ¥
:Futaﬂ

x ab a a b

where, a= Elog(a3+bzl—2n1ty—ytan 1;,5: -‘;ila:vgl.a'E +b%) +2nnx + xtan —

a

= {a+ibF*?=¢"(cos B +isinf})
Re [(@a+ ibF* 7] =¢"cos B
and Im [{a + ibF* "] =e"sin B

ILLUSTRATIVE EXAMPLES

Example 1. Prove that i is wholly real and find its principal value. Also show that the

values of i* form a G.P.
Sol. it = i L% (By definition]
= pil2nmi +log i) = pil2ni + log (com W2 + 1 sin 2|

= ot l2nmis log /% = gt 12nm + 2] _ ec"lq ~n2 ol + 1m2

which is wholly real.
The principal value of i = e™? (Putting n = 0)
Puttingn =0,1,2, ....... the values of i' are e ™2, ¢ ™2 92 .
which form a G.P. whose common ratio is e,
~tfn + I, (K.U.K 2005)

Example 2. If i *® = a + if, prove that & + ¥ = e

Sol. o + if =%+ = gla+ il Legs
F= elu + ifi)2Zand + log il el + PH2nm + log (cos W2 + 1 sin W2)

= plariPi2ami 4 loge™? = plu + iB2nm + in2] = p-fhdn + 12+ aidn « L2

r
an . un

o - Bidn 2 giatdn o 12 2 g-fidn ¢ D2 iLCUEM" % 1’? +isin(d4n+1) 21

[-- &% =cos®+1sin 6
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Equating real and imaginary parts

an & ’
ool oon(dn+ Dg; Bttt V% sin (4n 4 1;%‘_

a=¢ 2
2 an
p A4n + os” (4n +1) — in? i
Squaring and adding, o* +B*=¢ o [c § R ‘4"+1)9‘-’5|
= e.l‘n + ]‘h‘ 2 Jd
Example 3. Considering only the principal value, prove that the real part of

(1+iv3) " is 2~V ms[ g +43 log 2 ] ;

i1 |-n.=31[; logi1+3)+:tan "' u"3}

14143 l:u._aulngl"luv:n:E

=e
. ee].u!lulqvl k] =e|1+“-31[;.2h'21m;3|

Sol. (1+w'§l

_ erbg!—lr.f\.'ar-rmﬁhyfiluaﬂl =B 2w i/ v log 2)

_ el®2 poui3 [m[ghﬁlogtz]nsin [%+J§log2ﬂ

1
|

= LIEE {“ - n
=2 [msl§+ﬁlog2]+:sm[§+\f§log2h [-: elorfio - gy

= Real part of (1+iy3)'* "3 g 2¢~""3 cos.[g+\(§log2]_
!

‘ Exampled4.If i ~" =A+iBand inci
= I .
C. iian T B e e aL R o
24 (b) A + B? = 7, (M.D.U. Dec. 2010)
Sol. i "™ _a4B Asi
= = +iB o .
Now A+iB=AviB_ A HBJl]:gl s

e eMafBllﬂ;lMﬂtmm n2 _ E'ZA +iB)logie™?2)
- elﬁ + iBNis2) - e—-(m) i (Arr2)

| =e B ginw2 _ , Bun [ms_A_xH.sm_A_z)
Equating real and imaginary parts g ’

A= e B oo AR

—_—

B = ¢-Biwv2) sin An

Dividing (ii) by (i), tan 2% _ B
2 A

Squaring and adding (/) ang (i), A2 4 B2 _ ¢ Bn [

(Taking principal values only)

.t

A3

D

I
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’ 2tan”! ‘ L \
Example 5. If (@ + ib) = m™", then prove that 2 = — 9/ | hen only principal
x logia® +b*)
values are considered.
Sol. la+ibP=m-*v
Taking log of both sides, log (@ + b = log m**®
or plogla +ib) =(x +iy) logm
1 2 kv snceen | :
o pEIDg(G +b°) +i tan E_[=xlugm+lyl°gm
{Considering only the principal values)
Equating real and imaginary parts x log m = iplogila® + b?) A1)

y log m = p tan™! % LA

pm‘l b

2 tan™ B
a

Dividing (ii) by (i),

® =

3 51.11@13{:12 +bh) logla® +b%)
Exnmplreﬁ.ff'!mlog(x+iy)=a+£banda2+b":l, then prove that

y 2a
tan log (x* + y%) = T s L
Sol. tan log (x +iy)=a + 1b
= tan log (x — iy) =a —ib
Now tan log (2 + ¥2) = tan log (x + iyMx —ty)

week)
TS

. . tan log (x +iy) + tan log(x —ty)
=tan 1 -yl = :
log (x + ix) + log (x —iy)l = § o+ i)  tan log (x — iy)

a+ib+a-ib 2a

2 = 24,5221,
1-(a+ibXa-ib) 1-a?-b where a® + 6~ #

2

EXERCISE 3.2

1. Find the general value of

(i) log (- 1)
2. Prove that

(i) i log (——"",] =n-2tanx
x+1

(ii) log (1 + ).

u’i)cosril ("——
. m_a—ib

n 7
e 2 (iv) Log &' = -',\zm% n
3. Show that
: . i 3‘!‘,__2‘.[““__“..11'1
lillngllﬂ.tanw:lugsecuﬂn (i) Log, 7 3]



e *

{J'iillas(!hsir:hg]l}ﬁlml% M.D.y D&.E%J
g 4
oy (0 = T2 ws—’LH m]
(v) log e + €¥) = 2 ' ]
4. Prove that sin :I(g’-——-——— ]mwhollyrea].
5. ﬁwethutsmtlngu——l
6. Prove that tan” x-—log{“"‘]
% Ifloglog(xn‘y';:_pnq.shnwthaty=xr.aa|unq[os N

8. Prove that the principal value of

10.

11,

12,

14.

15.

18.

L (i)(4n- JJ_."E
2

. 1P4ig
:—% iscos 2 (pe+ g logr)+1sin 2 (pa + ¢ logr), where r= /42 | 2 and a = tap-! b
a-i \} =tan-1 2
o
lfd]n‘f"” : B 1
1-[F0 =« + if}, prove that one of the values of tan™! o nx +y log 2.

N

Prove that :—%—t!—

’l *t

= sin (log 2) + i cos (log 2).

l)

Prave that the real part of the principal value of %1+ is ¢ 8 cos [E log 2]
3 ;

._4m+l
Prove that Log, i = = » where m and n are integers.

+1
If(x, y) is a point on the circle having its centre at the origin and radius a prove that
xﬂ'y—a=_! a-x m, .
t+iy+a 2 ﬂ+x+EI
Prove that Iog-—-l——‘-lngt cosec ), ;[%_80
If(a +h ok . : !E-EJ.
a +bF 4 is wholly rea) i
and princi i
P pal \faluesnremns;dered. prove that
'“4"‘5]“”-(021-!,2] ;‘f
If(a, +ib)ig +.|b
2 ) la, +|‘b =
)=A +iB, prove that

I;Ha .
1+ 6,9 (a,? +b’| ...... (a,? +b %=, pe

!;:Juniﬂ+mlbz

R Y |

d,l A .
Annwe“

(y
u) ]°K2+il8n+1] :
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e

3.9. HYPERBOLIC FUNCTIONS

1. Definitions. For all values of x, real or complex

=X

is called hyperbolic sine of x and is written as sinh x

et -
(1) the quantity

(ii) the quantity £ "% s called hyperbolic cosine of x and is written as cosh x.

x -z x -x

Thus  sinhx = ‘2" ; coshx= L 1°
The other hyperbolic functions are defined in terms of hyperbolic sine and cosine as
follows:

]x_Binhr il il x=coshx=e‘+e"
cosh x -e’ 3o " sinhx ¢*-¢"
sechx—;=—2-; cosech x = Lo = -
coshx e* +e™* sinhx ¢* -
-
-¢ 1= e +e 1+1
——z—:O' ho= = =1
Note. sinh 0 2 3 E cosh 0 3 2
X -x T A - T L7 F X _ =%
mshxfsinhxzf%-we—;— = ¢, ::m;hJ:—ar,i.nh,am5—;—-E ,; =S,
2. (a) Relations between hyperbolic and trigonometric functions
] -1 ia _ -8
mse=e = 'ﬁﬂﬂ:e—;

g 2
Putting 0 = ix in these equations, we get

E:ial+e-llul e-r +ex

cos (ix) = 3 e = cosh x
ilix) _e-itiﬂ e —g% ~(&* -eT)
i (‘ )= = =
sin (ix = 5 =
T T S X . =e
- = g £ -~ = isinhx
m(,hsm(t:r)!zmnhx e P
cos(ix) coshx
cos(ix) coshx icoshx .
ix) = = - — =-jicothx
ook e sin(ix) isinhx i*sinhx "
ec (ix) = L =sech x
el cos(ix) coshx
1 1 1 .
cosec (ix) = = = = -1 cosech x.
e sinlix) isinhx j’sinhx
-0 L] -t u_ U]
: e e +e . ]
(b) By Definition, sinh 6 = . cosh B =— ;tanh B = e
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Putting 6 = tx, we get

ICs

A F.’Lr'e____' =is'mx‘.
sinh (ix) = — 5~ = 2%
7y &
-¢
cosh (ix) = i.__—-— =C0s X
2
- ‘
P it : 2l> o Sin X =itanx
tanh (1x) = — ] - g~ L e
¥ +E e te
2 .
3. Prove that hyperbelic functions are periodic and find their periods,
: ef-e”
(a) We know that sinhx = 2
nﬁw_e (x +2n0i) )
. sinh (x + 2nm) = —, where n is any integer
1 1 e* —e*
= — [¢f, 2 _g¥ | W] = =[e*. 1-e*.1] = —
2[ e S | 2[ e I B sinh x

Thus sinh x remains unchanged when x is increased by any multiple of 2ni. Hence
sinh x is a periodic function and its period is 2mi.

x 1

(b) coshr= &0
2
£ +2nni ~lx+2nmi)
v o8 +e i ;
cosh (x + 2nm) = 3 , where n is any integer

=dle* o™ 4o P =1le% 140 1]=5 2% - coshx
Thus cosh x remains unchanged when x is increased b i '
. B COf : . any multiple of 2m. Hence cosh
x is a periodic function and its period is 2ni. e g
(c) taﬂh;:er"t’_‘
e' 4ot

-'*"lﬂ_ ix +nm)
tanh (x + nmi) = © &

S T . .
T where n is any integer

I e B

er .Qnm _'_e'l ‘e—lﬂu
Multiplying the numerator and denominator by e™

x _dnm -
e .e - ¥ o* —p

T P S
e e +e* e* g =tanh x

[ o™ = cos 2nm + i sin 227 = 1
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Thus tanh x remains unchanged when x is ine i |
. A % 1 ¢ reased by an It .
tanh x is a periodic function and its period is ni. T e
Note. cosech x, sech x and coth x being reciprocals of sinh h pecti
. ] ‘ _ ; dta " g
also periodic functions with periods 2ri, 211 and m respectively. Rl

3.10. FORMULAE OF HYPERBOLIC FUNCTIONS

1. Prove that (a) cosh?x —sinh? x = 1, (b) sech? x + tanh? x = 1, ic) coth? x - cosech?x = 1
Proof. (a) For all values of 6, cos? 6 + sin?f =1
Putting 0 = ix, we get cos? (ix) + sin? (ix) = 1
or (cosh x)? + (i sinh x)? = 1 [
or cosh? x —sinh?x = 1 I7%
(b) We know that cosh? x —ginh?x = 1
Dividing both sides by cosh? x, we have
1-tanh®x =sech’x = sech’x +tanh?x=1
(¢) We know that cosh? x —sinh?x =1
Dividing both sides by sinh? x, we have
coth?x — 1 = cosech?x = coth? x — cosech? x =1
2. Prove that (a) sinh (x + y) = sinh x cosh y £ cosh x sinh y
(b) cosh (x + y) = cosh x cosh y * sinh x sinh y
tanh x £ tanh y
1+ tanh x tanh y

cos 1x = cosh x; sin (ix) = 1 sinh x|
iZ=-1)

(c)tanh (x £ y) =

1 , , SO
Pmof‘{a}ginh(xiy]=lfsin£(zj:y) [ smhx=75m;_x|

1
=7 (sin ix cos iy * cos ix sin iy)
1

; (i sinh x cosh y + cosh x . i sinh y)
|-+ sin i = i sinh 8; cos 0 = cosh 8]
= sinh x cosh y + cosh x sinh y
(b) coshixty)=cosilxty) [-- cosh x = cos ix]
= cos ix cos iy F sin ix sin iy = coshx coshy ¥ i sinhx. i sinhy
= cosh x coshy 7 (- sinh x. sinh y) [~ #=-1]
= cosh x cosh y t sinh x sinh y
sinh(x +y) _sinhx cosh y + cosh x sinh y
cosh(x ty) coshx coshy £sinhxsinhy
tanh x * tanh ¥
Dividing the numerator and denominator by cosh x cosh y = {ttanhxtanhy

{¢) tanh(xty)=

: 2 tanh x
3. Prove that (a) sinh 2x = 2 sinh x cosh x = (s t.anh_f;
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b2 1+ tanh?
. r 2,-1=1+28mh"x=""""e
Ib}mhb:cushgx+sinhzx=2°°sh % 1-tanh® x
gy 2lanhx
€htan T 1+tanh’x oo 8
: = 1 cos
Proof. (a) We know that sin 20 = 2510 ix)or i sinh 2x =2 .1 sinh x
Putting @ = ix, we get smm_x}gzsmuxlcns(ulor; - cosh x
or ,inhhzzsinhlcﬂﬂ"
) 2tant
Also sin 20 = 1+La.n__29
2tanix 2.itanh x
Putting ® = ix, we get sin (2ix) = m' 1+ (i tanh x)?
2i tanh x : 2 tanh x
: = — inh 2 = —————
or |smh2r-1_tanh2x or § 1= tanki® &
(b) We know that cos 20 = cos® 8 — sin? 0 '
Putting 0 = ix, we get cos (2ix) = cos®(ix) - sin (ix) or cosh 2x = (cosh x)* - (i sinh y)2
or cosh 2x = cosh? x + sinh? x
We know that  cos 26 = 2 cos? 6 -1
Putting 0 = ix, we get cos (2ix) = 2 cos? (ix)— 1 or cosh2x=2cosh?x-1
- . w '
We know that cos 26 =1-2sin%8
Putting 6 = ix, we get cos (2ix) = 1 - 2 sin? (ix)
or cosh2x=1-2(sinhx)?=1+2sinh?x
Cor. sinh? ¢ = SR 2x -1
2
ey
We know that ° cos 20 = 20 0
1+tan’0
AP .
Putting 0 = ix, we get cos (2ix) = - tann(:‘x]: 1-(itanh x)®
1+tan® (ix) 1+ (i tanh x)2
or lmshz‘:_li-l.anhz:m:
1-tanh?® x
(¢) We know that tan 20 - —2tan
1-tane

Putting 0 = ix, we get
2tan(ix)

tan (2ix) =
1-tan® (ix)
t tanh 2x = 2 l;"l_h._r___ 2i tanh x

1-Gtanhx)* 14 ganp? »
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(b) cosh 3x = 4 cosh® -3 cosh x

(b) We know that
Putting 6 = ix, we get cos (3ix) = 4 cos® (ix) - 3 cos (ix)

(c¢) We know that

Putting 8 = ix, we get tan (3ix) =

2tanh x

ta.n.h2x= :
1+tanh® x

4. Prove that (a) sinh 3x = 3 sinh x + 4 sinh3 x.

(¢) tanh 3x =

Proof. (a) We know that sin 360 = 3 sin 8 — 4 sin® 8
Putting 6 = ix, we get sin (3ix) = 3 sin (ix) - 4 sin® (ix)

¢ sinh 3x = 3i sinh x - 4 (i sinh x)*®

i sinh 3x = 3i sinhx + 4 { sinh® x
sinh 3x = 3 sinh x + 4 sinh® x
cos 30 =4 cos?B-3cos 0

cosh 3x = 4 cosh® x — 3 cosh x
3tanf-tan® 0
1-3tan’#
3 tan (ix) - tan® (ix)
1-3tan® (ix)
3.itanh x - (i tanh x)*
1- 3 (i tanh x)*
3.itanh x +itanh® x

tan 30 =

i tanh 3x =

3tanh x + tanh® x
1+3tanh® x

=)

_ 3tanhx +tanh® x

or tanh 3x =

; tanh 3x =
¥ ¥ 1+ 3 tanh® x

5. Prove that

(i) 2 sinh A cosh B = sinh (A + B) + sinh (A - B)

(ii} 2 cosh A sinh B = sinh (A + B} — sinh (A - B)
(Zii) 2 cosh A cosh B = cosh (A + B) + cosh (A - B)
(iv) 2 sinh A sinh B = cosh (A + B) = cosh (A - B)

Proof. We shall prove only the last result.
The first three are left as an exercise for the student.
We know that 2 sin x sin y = cos (x —~y) — cos (x + y)
Putting x = iA; ¥y = iB, we get
2sin (iA) . sin (iB) = cos i (A-B) - cos i (A + B)
2 .isinh A . i sinh B = cosh (A - B) - cosh (A + B)
— 2 sinh A sinh B = cosh (A - B) - cosh (A + B)

2 sinh A sinh B = cosh (A + B) — cosh (A - B).

6. Prove that
(i) sinh C + sinh D = 2 sinh C+Dcosh9;29
(54 sk © —~sinh D v/ 3 cosh ¥ D iy €= D

2

1+3tanh® x

it=-1]
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ol S ol == . : :
(iif) cosh C + cosh D = 2 cosh = 21] @ tan (x + iy) = SR +iy) _ 2sin (x + iy) cos (x - iy)
ot O cos (x + iy) : TR
(:‘u)cosh('?-coshD=2sinhC+D5mh 4 . 3in2x+y- ;mst:c-nyimscx—lyl
eft as an exerci BN ol O "+ 2sin A cos B=sin(A + B) +si o
lastresult."l'heﬁfﬁtthreeare se for - : | +sin(A B:'l
Proof. We shall prove only the the cos2x +cos2iy | 2cosAcosB=cos(A+B)+cos(A -
student - : ool
' e o R LSREE L SakRy . sinde sinh 2y
W know: that cosx-cns_v=25in'_'_2 sin = cos 2x + cosh 2y cos 2x + cosh 2y ‘.Cﬂﬂzx+cosh2y'
Putting x = iA and y = (B, we get (d) cot (x + iy) = cos(x +iy) _2cos(x +iy)sin(x - iy)
f BY. (.B-A sin{x +iy) 2sin( 1y ) si -
cos (iA) - cos (iB) = 2sin |1 ]sm[l ] ; y . vy
e B-A =sm2x—sm2ay + 2cos Asin B=sin(A + B)-sin(A - B)]
L, mshA—coshB=2isinhA;B“'smh_:z_ t,f)s:iy—mszl' L 2sinAsinB=ooslA—BJ—cos{A—Bl_\
sin 2x - (.sinh 2y sin 2x sinh 2y
- i AER . - = S TR et ), ——
=—2sinhé+BSinhB A:Zsmh 5 smhA2B cosh 2y —cos 2x  cosh 2y — cos 2x cosh 2y - cos 2x
2 2 A . © e (i dy) & 1 _ 2cos(x —1y)
- sinh (= x) = sinh ) cos(x+1y) 2cos(x+iy)cos(x-iy)
7. Prove that _2{cosxcosiy+sinxsin:’y}=2lmxcosh:v+5inx.:'sinhyl
Rorihib sl tanh x + tanh y + tanh z + tanh x tanh y tanh z ) cos2:h+cos2zy _ _ cos 2x + cosh 2y
1+ tanh x tanh y + tanh y tanh z + tanh z tanh x -l AT 2sin xsinh y
Proof. We know that, cos2ir+cosh 2y 2 (l:os(2xfc_osh 2y
: sin (x - iy)
—t c R e R R O AT T
mn(a+ﬁ+ﬂ=ll'm::'+t':‘nﬁ+mv tan o tan ff tan y " R k) sin(x+¢y) 2sin (x +fy)sin(x - iy)
. | . . natanf-tanftany -tany tan o 2(sin x cos iy - cos xsiniy) _ 2(sin x cosh y +cos x .isinh y)
Putting « = ix; = iy, vy = i2, we get E cos 2iy - cos 2x " cosh 2y - cos 2x
tani(x+y+2)= "a"“'x}""taﬂ'-!'.!'f)"'tanliz)-tan(ix)tan(iy)tan(iz) _ _2sinxcoshy 2cosxsinhy
1-tan (ix) tan (fy) - tan (iy) tan (iz) — tan (iz) tan (ix) cosh 2y — cos 2x cosh 2y - cosh 2x
P itanh x +itanh y + i tanh z - tanh x.i tanh y .i tanh z Mple2.:Sepamtethefoifowin§mrorealandimegim:ypaﬂs:
1-itanhx.itanhy—itanhy itanhz—; tanh i tanh z (a) sinh (x + iy) (b) cosh (x + iy)
’ (c) tanh (x + iy) (d) coth (x + iy)
o e tanh x + tanh y + tanh z + tanh x tanh y tanh z (e) sech (x + iy) (pmqechuf“
1+ tanh x tanh y + tanh y tanh z + tanh z tanh x 1 ¥
g Sol. (a) sinh (x +iy) = — sin i (x + iy) |~ i sinh B = sin 8]

ILLUSTRATIVE EXAMPLES ——

Example 1. Separate into real and imaginary parts
(a) sin (x + iy)

*—,r-

= sin (ix —y) = = i (sin ix cos ¥ — cos ix sin y)

-
L

(b) cos (x + iy) = —i (i sinh x cos y — cosh x sin y) = sinh x cos y + i cosh x sin y

(e) tan (x +1y) (d) cot (x + iy) ) cosh (x +iy) = cos i (x +iy) [+ cosh B = cos 18]

(e) sec (x + iy) = 08 (ix — y) = COS ix COS ¥ + SiN X Sin ¥

() cosec (x + iy),

Sol. (@) sin (x +iy) = sin x cos iv + cos x sin iy =coshx cosy+ isinhxsiny
=& o g . 1 3 ol = :
" - Sll‘lICﬂSh}‘+C03x,lSlnh)’=S‘inxc03hy+j cos x sinh y (e) tanh(.t-l-cy):—l_tanl(xﬂ.yl [~ itanh® = tan 6|
i = e ul S o3 .
SO % 1) = Gom ook By Sin X sin iy i sin {ix - ¥) . 2sin (tx — ¥)cos (ix + y)
= -sinx.isi . - oy meal = b T
cos x cosh y smx“smh?:m:rnosh_y g , 3 tan (ix — e 2 cos (ix — y) C08 (ix + ¥)

sin 2ix -sin 2y _ ; i sinh 2x -sin 2y

== T ey cosh 2x + cos 2y
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& 4.__.—-—-—yq —costv +sinfuv=1 |
Squaring and adding. —-5 57" sinh® 1
y =
From (i), —— =cosh u:;i;.l—'..smhﬂ :
cos v ; 2 g :!Mv:cosheu-smhzu:l.
Squaring and subtracting, x~ sec” U =) it
iy = ‘A + 1B); prove
e (i) +y -2y coth2B + 1=0.
()2 +y +2xcot 2A=1 %
Sol x +iy=tan (A +B)
Changing i into - i, we get  x — iy =tan (A= iB)
Now tan 2A = tan [(A + (B) + (A~ iB)] N
tan(A +iB)+tan(A-iB) _ (x+iy)+(x-1y) _ 2x
*1-tan(A+iBrtan(A-iB) 1-(x+Xx-8) 1-(x*+y?)
or S 25 or 1-(x2+y%) =2xcot 2A '
cot2A 1-(x*+y%
or x2+y?+2xcot24=1 1)
Again tan (2B) = tan [(A + {B) - (A - (B)|
_ tan(A+/B)-tan(A-iB) _(x+iy)-(x-dy) = 2y
T 1+tan(A+iBitan(A-iB) 1+(x+idx—iy) 1+x%+y?
or itanh 2B = — 20— L e BW
1+x°+y coth2B  1+2%+y°
or 1 +x* + y* = 2y coth 2B
Hence x*+y?-2ycoth2B+1=0 .
Example 7. If a + ib = tanh (u " _';n], prove that a® + b% = 1. |
Sol. Given a +£b=tanh[v+£§ .
\ 4, (1) '
Changing i to — i, we get ‘
F“ 3 1
-ib=t _
N J 2|

= az+bz=‘.!lané{v+i—l1-]
! a.)

Multiplying (1) and (2), we have

£ i
a? - [%? = ml”*%]mh[u_%}

‘ltani(o-.if}
b 4
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’ [ J'IJ. [ n]
sin| v~ " |sin| iv+ -
’ ¢ )Y

. n : m =" L T .
cus[w - —-]cos[w+ ] cos” (iv) - sin
4 4

sin® (iv) - sin? =

n
4
2 K
4

sin (o + B) sin (¢ - P) = sin® @ - sin? B | cos (o + B) cos (¢ - P) = cos? « — sin“f]

Goighu)® -2  —gink?y- 1
o B 2
msh’u—; f1+sinhzvl—;
sl
sinh® v +
=—-—2:}
1
inh?
s vt

Hence, al+b*=1
Example 8. If tan (0 + i) = cos & +1 sin w = ¢, prove that

1
=n2—ﬂ+-£— cmd0='§ klgfﬂﬂ{—’i-i-g- .

4
tan (8 + i0) = cos o + i Sin

(M.D.U May 2011)
A1)

Sol.
Changing ¢ into — , we get
tan (B — i) = cos o0 — 1 sin @

tan 20 = tan [(8 + i¢) + (8 —i®)] =

)
tan (B +:¢) + tan (8 — i¢)
1-tan (0 +i0)tan (B - (0)

Now
- (cosa + {Sin o) +(cosa — ¢ sin &)
T 1-i(cosc +isino)(cos o — i sin o)
3 2Zeosa » 2 cos o
T 1-(cos’a-i’sin®a) 1-(cos®a+sin® @
_ 2cosa_2cosa SRS
1-1 0 b
2‘.8=rm+% [+ tan®=tana = B=nn+al
nmt m
a:_._+_
. 2 "4
Also tan 2i¢ = tan [(8 + 1¢) — (6 — 10)]

= tan (8 +i¢)-tan (0 -1¢) _ {cos o +isin ) —(cos a—isina)
" 1+tan (0 +i¢) tan (B - o) 1+ (cos @+ 1sinallcosa - sinal
_2isinct

B 2i sin o
T 14(cos’a+sin’ @)  1+1
itanh 2¢ =isina or tanh2¢=sma

=isin @
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g 20
e - sina t'””'—_ 5___1.‘—1-
or ———-—e=‘+e_2.— 1 eh*e sin
By componendo and dividendo :
2¢% 1+sina “_1+sma
% i or €77 1_sin@
2 l-sinu ’
1%, uin® 5 % gin S #ain
\ cos 2+sm 2+2c062 2. 2 2
ui E o a . o
ol a . B o
eas2u§+sm22—2cos§sm2 cos o sin.y
@
cosu+smu 1+wn2 i o
or e“:-..—.z_.._.—z-=____.E=tan[Z+_2_
L
—gin — 1_ an —
¢082 sm2 t 2

baundeE;mple 10. If z = x + iy is a complex varigble,

n o
Taking logarithms of both sides log e** = log tan [I + ‘2‘]

= 1 log tan [E + E]
2 4 2)
Example 9. Separate into real and imaginary parts log sin (x + iy).
Sol. log sin (x + iy) = log (sin x cos iy + c0s x sin iy)
= log (sin x cosh y + i cos x sinh y)

= log (ct + if}), where a = sin x cosh y, p = cos x sinh y
1
=3 log (o + P*) + i tan™! B
0

{R [V
=logtan | — +—
or 2¢ = log \41-2]

1 .
= 5 log (sin?x cosh? y + cos? x sinh? y) + i tan™! cos xsinh y
sin x cosh y
=1105(1’“52"_msh23’+1+1+c0321 Gl ~1
2 7 2 2 5 :

1 ; + i tan™! (cot x tanhy)
= 3 log [ (2 cosh 2y - 2 cos 2x)] + i tan™! (cot x tanh y)

= 3 log [ (cosh 2y - cos 2x)) + i tan-! (cot x tanh y).

then prove that sin z and cos z are not

Sol. We know that

Since x is real, 0 < sin?x < 1. But sinh y = i

=

. sinz=sin(x+iyl=sinxmshy+icosrsinh

| sinz |?= | sinxcoshy +icos x sinh y |2 d
= sin® x cosh? y + cos? x sinh? y
=sin’ x (1 + sinh? y) 4 (1 - gin?

inh2
= sin? x + sinh? y FABhI o

e |
) is not bounded.

| sinz | and hence sin z is not bounded

CUNCTIONS OF A COMPLEX VARIABLE

e e

R 1
Similarly, | cos z |2 = cos? x + sinh? y

— | cos z | and hence cos z is not bounded.

Hence for a complex variable z, sin z and cos z can have any value.

Remark. | sinz | €1 and | cosz | <1 only when z is real.

Example 11. Find all values of z such that

(i)sinhz=0

Sol. We know that

sinh z = sinh (x + iy) = sinh x cos y + i cosh x sin y

(2t) cosh z = 0. (M.D.U. Dec. 2010)

and cosh z = cosh (x + iy) = cosh x cos y + i sinh x sin y [See Example 2 (a) and (b)]
| sinhz |2= | sinhxcosy + i coshxsiny |?
= sinh? x cos? y + cosh? x sin? y
= ginh? x (1 - sin? y) + (1 + sinh® x) sin® y
= sinh? x + sin? y
Now sinhz=0 = |sinhz|=0
= sinh?x + sin®y =0
= sinhx=0 and siny=0
= x=0 and y = nm, where n is any integer.
= z=x+iy=nm
ginh z = 0 only when z is purely imaginary and z = nm.
Similarly, | coshz |2 = sinh?® x + cos® y
Now coshz=0 = |coshz|=0
= sinh? x + cos?y =0
= sinhx=0 and cosy =0
=5 x=0 and y=(2n+1) % where n is any integer.
=) z=x+£y=t2n+1)%i
cosh z = 0 only when z is purely imaginary andz=1_2n+1152:’.
Example 12. Find all values of z such that sin z =4.
Sol.letz=x+iy, thensinz =4
= sin(x +1y)=4
= sinxcoshy +icosxsinhy=4
= sinxcoshy=4 A1)
and cosx sinhy =0 <A
by comparing real and imaginary parts.
From (2), we havecosx =0 or sinhy=0
= x=(2n+1) ; where n is any integer or y =0
When y = 0, from (1), we get
sinx=4 (*. cosh0=1)

which is not possible since x is real.
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Whenx=t2n+1)§.ﬁnmt1hweﬂ '
: ~1)"sin — coshy = 4
sin{nn+g] coshy=4 or | 2 v
(-1 coshy =4 N
or Wiy 15 0dd. coshyw =4 which is not possible since cosh y > 0 for every y A3)
n must be an even integer. o
From (3) coshy=4 or Yy =C0S
Hence z=x+1y
., i '
= (400 g - oo, where n is an even iy,
x . - :
or z=(4k+ 1) 2 + 1 cosh™ 4, where & is anY intege,

".3.11. INVERSE HYPERBOLIC FUNCTIONS

—_—
1. Prove that sinh™' x = log (x + \/x’ +1)

Proof. Let sinh~! x = y, then x = sinh y

¥ _ =y 2y _
= o 0 ke S T R

2 2e”

It is a quadratic in &

2x + J4x% + 4

e‘=+=xi 22 41

Rejectingthenegativeaign,ew=;+Jx?+1

Taking logarithms,

y=log(x+yJx*+1) or sinh~'x=log(x+ x?+1)

2. Prove that cosh™ x = log (x + yx%-1)

Proof. Let cosh™ x =y then x = cosh y
: -y 2y
or gt TET BTt 2 =
2 27 or e?-2xe +1=0

It is a quadratic in e

Sz 2x+ Jdx? — 4
2
Rejecting the negative sign e = x 4 va? -1

J’=1°El-f+s}xz—1} or cosh“x=log(x+m}
3. Prove that tanh! x = 1 g 1+ X
2

—_——

1-x

=xtyx?-1

Proof. Let _y=tanh“x.thenx=tanhy or X_€ -e? 1 e +e”

IS o —= e

e+ g x e -e

FUNCTIONS OF A COMPLEX VARIABLE
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By componendo and dividendo Ltz = fi = a2y
1-x e E
1+x
ol s or oy ting LE2
¥ g | or }'—zlﬂgr;
1+x

tanh~! x = 11og 1%
T

4. Prove that:
(@) sinh™ x + sinh™ y = ginh ' (x1+ y® + y1+x%)

(if) cosh™ x + cosh™! y = cosh ' (xy + V1'(:‘2 Dy -1

Proof. (i) Let sinh ' x=u and sinh'y=y
so that x=sinhu and y =sinh v
Now sinh (u + v) = sinh u cosh v + cosh u sinh v

= sinh u ,f1+sinh2v +sinh v y1+sinh? &
. ;y;,,fl+y2 +yyl+x?
= u+v=sinh"(le+y2+y\h+x2}

= sinh™' x + sinh! y = sinh™! (x/14 9% + y1+x%)
(ii) Let, cosh!lx=u and cosh™ly=v
so that x=coshu and y =cosh v
Now, cosh (u + v) = cosh u cosh v + sinh u sinh v

=mshumshu+@zu—-l.v’cﬂshzu—l.
=xy+ x2-Diy* -1
: \
= u + v = cosh! [xyh!(x”—l]iyz—l!

= cosh™! x + cosh™' y = cosh™! [ry + JU:"‘ -y - 1)]
Example 1. Separate into real and imaginary parts

n
(i) sin”? (cos @ + i sin ©),0< B < >

(i) tan™! (x + iy).
Sol. (i) Let sin™ (cos 6 + i sin 8) = x + iy
msB+isinH=sin(.t+l'y):sinxcos:'y-rcosxsiniy
= sin x cosh y + i cos x sinh y
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and imaginary parts, we have

Equating real
= =ginxcosh¥

cos 6
sin 0 = cos x sibh ¥

and adding, we have
h2y + cos? x sinh® y

and

Squaring (i) and (1)
l= sin® x cos

=sin’x (1

sinh? y _1-sin?x = cos’x

or
. From (ii),
= cos X = m

x = cos! (in@

sin@ sin® oy
smhy= = sin O

COS X sin B

Real part

From (i),

y = sinh™! (ysin8)

= log [ysin 8 + J1+sin8] | =

= Imaginary part y = log(Js—iFE+\ﬁTs_i£3)

(if) Let tan~! (x + iy) =

then tan~! (x
Adding (i) and (if), we have

2u = tan~! (x + iy) + tan™! (x — iy)

U+

~iy)=u-iv

(x+iy)+(x—12
zy}. (x 1{,»! st
1-(x +iyNx - iy)
o, 2x

5 tan - e

Subtracting (i) from (i), we have
2iv = tan! (x + iy) - tan ! (x - iy)

o (x + iy} = (x = iy) = tan-!
1+ (x +iyNx - iy)

= ta!'l2lv=-l—*—-2—3-'—-? — it.anh2o= 2"3’

+tX +y 1+12+y2

) -
Example 2. Find all values of z such that sinh z = e
Sol. Let z = x + iy, then ‘

i - '; . X
sinhz=e?d o sinh (x + fy) = € 3
or sinhxcosy+£cushxsiny=m£+isin£ 1
3 3 =gt

+sinh?y) +(1- sin? x) sinh? y = sin2 x 4 sinh?

2 = -
in20 = m;xsmheysmﬁx = cos*x=sin8

sinh!

l—xg—y"l

2iy

1+x°+y°

n |G
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=log s+ 775,

WAt
)|

2y

- v=—tanh— R ]

l+x +y
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Equating real and imaginary parts,
- 1 4
sinhxcosy = — - ot
y=3 = sichza Jcosy A1)
. V3 3
coshxsiny= cosh x =
y 2 o I 2siny wk2)

: R i
Using cosh? x — sinh? x = 1, we have

3 1
. e =1 ror By oy o S 2
43“12)' 4cos'zy 3 cos®y - siny = 4 sin” y cos‘y
oS 3(1 —sin®y) - sin?y = 4 sin?y (1 - sin?y)
or 4sin'y - 8sin’y +3=0

or (2sin?y-3)(2sin*y-1)=0

sinz-éor—
¥=32

2
. - ;
Rejecting sin®y = 3 since sin?y < 1 for real y, we have

1 1
sin2y=E = siny=t3

When sin y is negative, from (2), cosh x is also negative which is impossible.
(> cosh x>0 for all x)

n
& s;my—‘E—sm."r
= y=na+i{-1)0 % where n is an integer, is the general value of y.
2 n
Case L Ifniseven, y=nm+ o
X 1
Takingn:?le, cuﬁy:cm[m*':"]=m3%=—§
From (1) sinh x L
om N 1 = —F=
v2
4 i 1 +.._1:;‘! o Y321
x=usht | Jg)=le{ g V2" )" 2

Canell.lfnisodd.y=ﬂﬂ'%

1
n
Takingn=2k+ l,cosy=cosI(2k+l)n—-zl
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L A o3
=C05\K‘ZJ=—CO 4 2
1
From (1), sinh x = ;FQ"
R
1 1 - E + l+1 1 -J—g_:_l
x=sinh™ |~ 75| =108 22 V2 )T n
-1 [ B
z=x+jy:los JE +l[nﬂ 4’].
Example 3. Show that tanh™ (cos 8) = cos cosh™! (cosec B). (KUK 2003,
Sol. Let tanh™ (cos 8)=¢ then cos 6 = tanh ¢
= cos? 0 =tanh?¢ = 1-sin’f= tanh? 0
= 1-tanh? ¢ = sin? 8 —  sech?(=sin*0
= sech ¢ =sin 0
Taking reciprocals cosh ¢ = cosec 6
= ¢ = cosh™* (cosec 6)
= tanh™! (cos 8) = cosh™! (cosec 8).
EXERCISE 3.3 —
1. Prove that
(i) (cosh x + sinh x)* = cosh nx + sinh nx; n being a positive integer.
3
.. [ 1+ tanh x
W) | — — = i
i {1—Lanhx_} cosh 6x + sinh 6x.
2. Ify = log tan x, show that sinh ny = El (tan” x — cot” x).
3. (a)Iftany = tan c tanh P and tan z = cot « tanh 3, prove that tan (y + z) = sinh 2 cosec 20.
(h) Prove that:
(i) sin z = sin 2 i) T =iia s
(i1} tan 2 = tan 2 (DU, Dec 2009)
4. Iftanb= Lanhxmtyandtano-mnhxm},.prmethatsm2a cosh 2x + cos 2y
6. Ifc cosh (6 + i) = x + iy, prove that sin20  cosh 2x - cos 2y
(¢) x* sech? 29 =
i) x? sech? 0 + y? cosech? B = ¢2 r-'”x!*'flo—yzcoseﬁ@;c%
6. H'-ﬂ“'*'*fJ"=A+iB.shuwthat-A_: Sin2x‘_
B sinh 2y
7. Ifsin (8 +19) = picos & + i sin a), prove that

£ 1
(i) p* = = (cosh 2¢ - cos 20) T
2 (it) tan « = tanh ¢ cot 6

F

8
9.

10.

11.

12.

13.
14.

16.

16.

17.

18.

21.
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If sin (8 + i9) = cos &+ i sin @, prove that cos® 8 = + sin «
1f cos (8 + i9) =

(i) sin @ =+ sina (i) cos 20 + cosh 29 = 2
(@) If sin (8 + i§) = tan a + i sec o, show that cos 26 cosh 2¢ = 3.

=cos « + 1 8in @, prove that

(b) If tanh & = cos @, prove that o = log (cosec 8 + cot §)

cos(x—iy)| .
(¢) Prove that log m = Zitan' (tan x tanh y)

(d) If sin x cosh y = cos § and cos x sinh y = sin 8, prove that
() sinh? y = cos® x (if) cos* x = sin B
sin (0 - )

(a) If cos (8 + i9) = R(cos c + i sin @), prove that e = — :
sin (8 + )

- n. 0 n _ﬁ‘
(b)Iftt-logl.an[4 2] pmvethata-—:logtan[ 2)

(UK 2005)

(KUK, 2006)

If tan (8 + i¢) = tan a + i sec &, show that ¢*® =1 cot -‘2E and 20 =[n+§]x+a.
(K. UK. Dee. 2008, Dec. 2010)

e T b M_ tan u
If tan (x + fy) = sin (1 + tv), prove t atsinh2 = =
If tan (x + iy) = cosh (a + iB), prove that tanh o tan P = cosec 2x sinh 2y.
2CA

IfCtan (x+ iy) =A+ 1B, prove that tan 2x= m

A
(@) Prove that (1 + cosh x + sinh x)* = 2" cosh” %[cuh—?+ainh%].

A

(b) Prove that sinh™! (tan 8) = log tan [I + g]

If cosh x = sec 8, prove that
.
2

e

.n.l:l

(
(ﬂl.unh--—-tnn -(MDU Dec., 2008 (u)x-lugmnk

If tan % = ta.nh-é prove that
(i) cos xcosh u=1 (if) tan x = sinh u
(1) u = log tan [% ¥ -‘g]

[fx=2cosacoshf y=2sina sinh B, prove that sec (a+ if) + sec (@ - 1P) =
2

T O 2

If sin [log (A + iB)] =x+ 1. show that g

Separate into real and imaginary parts:

@ gFoah Lrviy) (i) sin- (k1Y)

(S.V.T.U. 2008

M.D.U. Dec. 2011

___.—

- “":

2
¥ =1 where A2+ B*=¢"

(M.D.U. May 2011

(1) log cos (x T 1y)
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cosh® y - cos” x
g 3 S
22. Iftan (x + iy) = @ + i, prove that ¢+ cosh? y - " X
— _,_,E,_Eisinhul
23. Prove that: tan —5— ~ cos u + cosh U
= y w that

B TR SR (i) (1 = x)* +¥* = (cosh v — cos u).

(i) (1+x)* +y3 = (cosh u + cos u? ccbhtd the roots of th .
25. (a) Ifcos ! (u + iv) =+ i, prove that cos? a and AR ¢ quation

xf-(1 culeoxeut=0
(b) If sin-! (u + iv) = @ + i, prove that sin? o and cosh® ) are the roots of the equation
Pfox(1+uls vt +u?=0.
" L (M.D.U. D

26. Provethatun"u""hv—'j"‘-z'lﬂﬂ 3“[_‘ 2) - Dec. a9
27. Find tanh x if 5 sinh x ~ cosh x = 5. |

[Hint. Divide both sides by cosh x, square, replace sech? x by {1 - tanh®x) and solve for tap},, |
28, Ifcos (x + 1y) = @ + i, show that

(i) x* sec? a - y* cosec? u = 1 (if) 22 sech®  + y cosech? B = 1.
29. Find all the roots of the equation:

30.
31.

32.
33.

21.

27.

32.

(ilcosz=2 (iitanhz+2=0

{éit) sin z = cosh 4 (iv) sinh z = 1.
If | cos (u + iv) | = 1, show that sin® u = sinh® v.

If log sin (0 + (§) = & + iff, prove that
(i) 2 cos 20 = ¢ 4 ¢ _ 40

Solve tan z = ¢, where u is real, (M.D.U. May 2008
If cosh ! (x + fy) + cosh ! {x — iy) = cosh™! @, prove that 2 (a = 1 + 2@ + 1y =a®- 1.

(if) cos (0 = P) = e* cos (6 + B).

Answers

(1) g°*h* @ ¥ |08 (sinh x sin y) + { sin (sinh x sin y)|

u‘n% [(1 - cos 2x cosh 2y) + i sin 2x sinh 2y]
rae B [ | -
(i) Elns Elcoszx-#coal\nyPJ-;tan (tan x tanh y)

29. (1) 2nm + i log (2 + f3)

o | ke
- o2

! 1
(1) = §|°E3“{’”E]“ (@ii) nm + (- 1)'1[%—41']

e lI’t
wle —
n+llg

,=ﬂ+£+-!—lu lan“: L3
ety 4 \‘—"*EJ ;Hint.SeeExample?.l
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3.12. LIMIT OF A FUNCTION
—— (P.T.U. May 2006)

said mlf;if:}ui ‘;i;:?ts:a;‘;a:u:gpf;l?gzn sz[ :le fined in a neighbourhood of 2 = 2,, then flz) is
8 z, (along an t i e

arbitrary real number ¢ > 0, however small.“ther:gxi, g :a h, straight or curved) if given an

real number 8 > 0 such that *rI

| iz) =1 | <& whenever O<|z-z,| <8
and we write lim f(z) =/

o2y l

Zz

Remark 1. § usually depends on €.

Remark 2. In real vanasbles, x —» x, implies that x ap-
proaches x; along the number line, either from left or from right.
In complex variables, z - z;, implies that z approaches 2 along
any path, straight or curved. The limit must be independent of
the manner in which z approaches z,. If we get two different
limits as z — z,, along two different paths then limit does not

exist.

3.13. THEOREMS ON LIMITS

s

o
xil’

1. If lim f(z) exists, then it is unique.

FETH

2. If flz) = ulx, y) + iv(x, y), where z = x + iy and z; = x; + iy, then lim flz) =l=ug+ v,

- 3y,

if and only if
lim wix,y)=u, and lim vix,y)=vq.
l—il‘, K"‘Xo
Y= ¥
3. lim f(z) =1 and c is a constant, real or complex, then lim cf(z)=¢ lim f(z) = cl.
4.If lim f(z) =/, and lim g(z) =1,, then
Py a= 2y

(i) lim [f(2)+ g(2)] = lim f(2)+ lim g(2) =1, + L
292 zzg 20 1 2

(i) lim [f(2) - g(z)l = lim f(z)- lim g(2) =1, -1,
T M Ty Ty

(iii) lim (f(2)g(2)) = tim f(2). lim g(2) =L},
T2 12 T3

(iv) lim -—1—=—_—1—-=—1— provided [, # 0

12, g(2)  lim gz) Iy

lim f(2)
(o)t L2 w2 a provided /, # 0.

1oz, g(2)  lim gl2) b
z2-32y
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EXERCISE 3.4
Example 1. Prove that !uﬂr:j = daes not exist.

: Y Show that the following limits do nat exist:
Sol. If the limit exists, then it must be independent of

z ! ‘ 22
1. bm — 2. i el
the manner in which z approaches 0. = 10z lim .
]
Consider the path y — 0 followed by x = 0. we get te! o lim Ré 3 N on(ar?
1 * z=0 |Zl . . ~10 W-
lim Z=lim [ = lim — = = - . b

i+02 x .u y—vl]x-l‘l}' x0x y=0 X Find the following limits:

Now consider the path x — 0 followed by y — 0, we get

Y4 . lim (z2+42-7 6. lim ‘22+3z-1
& ) 2= 1-i 1=-2i 22 -9224+4
iy = lim . A 3 3,
—_—= .am . . g : 2" -1
I'_I.l};z P—%[; W0 x+iy| y-0 iy ) A 1. ,l_‘:’l,{z‘ 8y'D) &‘Hﬂl‘"z T
=-1 "F 22' -z+1l-i
4 sy o . 2_z2
As 2 — 0 along two different paths, we get different limits. S !I.Tu 22 -2:242 T 2 %—.'z =
Hence the limit does not exist. o] T e S ¥
2 11, lim ——————  (P.T.U. May 2007)
- . — - )
Example 2. Show that [im Mﬂ— does not exist. ﬁ e (22+30(z-i
=D |21 Answers
Sol. Let z — 0 along the path y = mx, then 111
" " ? 5. -3-6i 6-=+—i 1. 5i
. (Rez-Im2z) . (x-y) _ (x-mx) 2 4
lim -~ = = lim ———=lim — Bt 7 4 1 ;
30 a4 FSEET Ry BT ERX & el 9.1- i 10. - 4i ILg:
i Lo _a-m)?
=6 (l+mil 1em 3.14. CONTINUITY OF A FUNCTION
which depends on m. For different values of m, we have different paths and different limits. | Let fiz) be a single-valued function of z defined in a neighbourhood of z = z;, then flz) 1s
Hence the limit does not exist. said to continuous at z = z, if given an arbitrary real number ¢ > 0, however small, there exists
- 4P |  areal number & > 0 such that
Example 8. Prove that [im [__f__l__L_J — . . | iz)—flzy) | <& whenever |z-2z,| <&
= n other words, fiz) 18 continuous at z =z, lim f(z) = flz,)
s o an 4 In other words, flz) is conti tz=2zyif lim f(z) = flz,)
2 - 2 L - . : gu . »
Sol. lim (_?_'_ll] = lim [_z =d=1 bz z-1-1i B Thus three conditions must be satisfied so that flz) is continuous at 2 = 2z,
eoleil2?-2242) ioluf(z-17 -2 “ialst| (- 14 iNz-1-1i) . 1. fiz) is defined at 2, i.e., flz,) exists
1 1 2. lim f(z) exists
= Il[{l t—— l - ] 2 Z— Iy
i lei(z- 144)% im ' : ¥
Jm (z-1+0) ‘ 3 ‘ll_f::uf(z)-ﬂz{,!.
e b If any of the above conditions is not satisfied then flz)is said to be disconfinuous at
M+i-1+02 42 ¢ z=12,

‘ 3.15. REMOVABLE DISCONTINUITY

If izy) exasts and lim f(2) = [ exists but flz;) # {, then z = 2, is called a point of remou-

| 22y

‘ able discontinuity.
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1—“”/—/_—‘_ the function can be mad
that fizg) = b € contip

=z, such
By redefining flz)atz =% s
lim f(z) does pot exist, disco

P ]

condition

ity cannot be removed. Existence of limit is the 5 I
n

for removable discontinuity

be continuous in @ region if it is continuous at al] Points ol

3.16. CONTINUI
A function fiz) is said to
region.

1
Remark 1. To examine the continuity of z) at z = =, we put z = - and examine the ©ontin iy,

n{f(.l.]al.u.-z{l_
= i t z=2z2, then so also L
Reaark 3. If jii) and gls) ase comtinuons &% 3= %p are the functjoy,

f(z) 0.
fiz) + glz), fiz) - glz), fiz) glz) and —gl—x;. where glz,) #

Remark 3. If fiz) is continuous in A region, then the real and imaginary parts of fiz) are alse
continuous in the region. : ) .

If fiz) = ulx, y) + iv (x, y), then fiz) is continuous if and only if u(x, y) and u(x, y) g
separately continuous functions of x and y.

ILLUSTRATIVE EXAMPLES
Example 1, Show that the function fiz) defined by

r
\

Re(z®) b
fz) = i lzF "
0, z=0
is not conttnuous at z = 0.

Sol. Given fl0) =0
Let z — 0 along the path y = mx, then
2
Re(z") e x* - y?

lim f(2) = lim
20

z=0 |2|2 g_,UI2+y2
[+ 22=(x+ipP=?-y)+ 20l
= lim X _m1x2 T (l—mz)xz 1"’“2
r 0t s im =
X +m°x :—-uﬂ(l+m }I 1+m2

which depe:_:ds on m. For different values of m
Hence the limit does not exist and the function.
Example 2. Find the value of fizy) so tha

we have different paths and different limits
18 not continuous at z = 0
t the function

ﬁz}=22-22+2 . i
oo SContinuousatz,= - i

Sol. lim f(z)= lim .2

2 (z-D%+41
S e g EeD

sl gl (1~ )2
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= [z~l+|’)lz—1—n
21t (24 1-iMz = 14+0)

s~f !h'rti_ltz-l—i)

lim (z+1-4)
2= 1=i
1-i-1-i _ |
1-i+1-i 21-0)
Now flz) will be continuous at z if

1-i

fzp = lim flzy=12L,
-y 2

EXERCISE 3.5

1. Examine the continuity of the following functions:

1224-1 - [P -i?v2-i .
Of2 = z+i atz=—i Gfle) =1 z-¢1 = “Tlatz=i
0, =z=-i L 0, z=i

Iz!wl

z-2i’ atz=2i.

: (2438, z=2

2. Show that the following functions are continuous for all z.
{i) gin 2z (ir) €.

z# 2

i) flay =

[Hint: Express flz) as u(x, y) + iv(x, y) and show that u(x, y) and vix, y) are continuous for all real

i values of x and ¥.)
Show that the function

Imiz)
Az =1 |z|
0

i 2=

z#0

is not continuous at z = 0.

Find the value of fli) so that the function
i

fiz) = iz .1
. z-i

is continuous at z = t.

Answers

™ 1. (i) Not continuous (it) Continuous (ii1) Not continuous 4. -3,

3.17. DIFFERENTIABILITY

(M.D.U. Dec. 2005)

Let w = fiz) be a single-valued function of the complex variable z(= x + 1y).
Let w + Aw = flz + Az), then

Aw = flz + A2) - flz)

Aw flz+A4a2)- f(2)

a2 Az

and
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ﬁ__———/
flz +42) - f@)
e p—

. A lim
lim oy

Az 00 Az . 2
; vative of flz) and 18 denoted by f'(z).
if it exists, 18 called the d:!':\fatl“ e P
W _ = im — o
Thus dz Az =0 . Az l
The function fiz) is said to be differentiable at z =z, if
jim 2= 1G0) xigts,
L] Z2-% .
This limit i3 called the derivative of flz) atz =2, and is denoted by £z,
) - )
Thus fl(z,) = lim Flsl = Py?
z2= L Z2-2
Equivalently, by putting z = 2, = Az, we have
v pig [0 02~ lzg)
fiag)= n}rlglo Az 4

3.18. ANALYTIC FUNCTION
(KUK Dec., 2010; M.D.U. 2006, 2007, May 2008; P.T.U. May 2007; U.P.T.U. 30y,
—9 |

If a single-valued function f{z) possesses a unique derivative at every point of a reg;
R, then fiz) is called an analytic function or a regular function or a holmorphicm

tion of z in R.
A point where the function ceases to be analytic is called a singular point.

3.19. NECESSARY AND SUFFICIENT CONDITIONS FOR f(z) TO BE ANALYTIC

The necessary and sufficient conditions for the function--~
w = flz) = ulx, y) + ivfx, y)
to be analytic in a region R, are

W w2 Eammnu‘nm functi . >
P us functions of x and y in the region R.

=
. N %
T a
eqm“on: conditions in (ii) are known as Cauchy-Riemann equations or briefly C-R
(K.UK. Dec. 2010 ; M.D.U. 2006, 2007, 2008; U.P.T.U. 2008)

Proof. (a) Necessary Conditj
R mn@ =f4 _ ) tml’“mm=ﬂ"’)=‘“’*"'J')*'f@"(th..)rlI)eammlytit:insu‘!sﬂ’“
: T (2) exists uniquely at every point of that region

Let & and 8y be the incre :
sponding increments in y, y dei:?pg;y:;‘;l stpectively. Let Su, 5v and 8z be the 0™
s n,

, - . ft o "
[ = Jim D228 (@) Gt 8u) + i+ 80) - (u +i0)

& Foerd
" &z
[E‘_+l_5_v-] 1
&-0l8 & A
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Since the function w = fiz) is analytic in the region R, the limit (1) must exist independ-

entofthemmerinwhich&—rﬁ, i.e., along whicheve- path & and & — 0.
First, let & — 0 along a line parallel to x-axis so that &y = 0 and & = &.
[since z = x + iy, z + 82 = (x + &) + i(y + &y) and 8z = & + idy]
, . (Bu .Bv) du . dv
1 = —_— —_— —
From (1), f2) &Tn[ +1 J Bx“i}x .A2)

Now, let & — 0 along a line parallel to y-axis so that & =0 and & = i &y.

From (1), f'(z)= lim [—E—'u-ni&’—]=li+i
b-0\: iby) idy o
_ﬁ_ga’_“ @ .
ay &y cakd) L -;— Il

me(2)and(3).wehnvea—u+ia_”=ﬂ_i,aﬁ
xay

du ov

Equating the real and imaginary parts, =
Hence the necessary condition for flz) to be analytic is that the C-R equations must be

satisfied.
(b) Sufficient Condition. Let flz) = u + iv be a single-valued function possessing par-
du du v d at each point of a region R and satisfying C-R equations.

tiﬂl deri\’aﬁvaﬂ g, —g' g, a—
du dv
e 3_3; and ¥ g

We shall show that f (z) is analytic, i.e., f “(z) exists at every point of the region R.

By Taylor’s theorem for functions of two variables, we have, on omitting second and

higher degree terms of & and &
flz + 82) = ulx + &, y + 8y) + iv(x + &x, y + By)

=[u[x.y)+[%&+%5y“+i(_uu. y)+[%&+%’&yﬂ

e,

_-.lu(x,y)+iu(x,y)l+(%%+i%]&,{%”%;_18y
=ﬂz]+t%+i%}&+i%‘;.+ig_‘;}&y
du v du .dvu
or ﬂ“&"“zht‘a?“&?}&*lg“glﬁy
= [%‘+ i%v]&t +L— %Ux— +;a_"] ] (Using C-R equations)
du .ov du .o |
=L§+:$)&+(g+;&};& s <Lwill
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=[%+i%]{&+i&]=[%+t%}& (o

ﬂ_z+&z}—ﬂz}=ﬂ_¢i”§£
5z o

ﬁxﬂay:&l

; " ftz+6:l-ﬂz)=3_u.+i_t_3_g
Fle)s i e dx

.
Thus f(z) exists, because %:--a: exist.

Hence flz) is analytic.

Note 1. The real and imaginary parts of an analytic function are called conjugate funet;
Thus, if flz) = ulx, y) + tv x, y) is an analytic function, then u(x, y) and vix, ) are conjugate f“nﬂiunso';:‘
relation between two conjugate functions is given by C-R equations. - the

Note 2. When a function flz) is known to be analytic, it can be differentiated in the ordin,
as if z is a real variable. i

Thus, flzy =22 = f@)=2
fz)=sinz = ['(z) =coszetc.

3.20. CAUCHY-RIEMANN EQUATIONS IN POLAR COORDINATES
(V.T.U. 2006; M.D.U. 2005; K.U.K. Dec. 2009; U.P.T.U. 200g)

= Let (r, 6) be the polar coordinates of the point whose cartesian coordinates are (x, y)
en it

x=rcosB,y=rsinb,
z=x+iy=r{cos 8 +isin@) = re®
u +iv = fiz) = flre'®)
Differentiating (1) partially w.r.t. r, we have
N
or or ;

Differentiating (1) partially w.r.t. 8, we have

A1)

~A2)

du dv o fau
e o =il
%3 f tm'].:re‘“-ir!\ r“a:] [Using (2]
=—r@+l—ra—“
) ar or
Equating real and imaginary parts, we get
du_ dv  du
=" rs; and B—Bzrg
or B AN, s B .
> roe F e which is the polar form of C-R equations.

3.21. HARM
ONIC FUNCTIONS  (P.T.U. May 2007; U.P.T.U. 2007: M.D.U. May 2005)

Any solution of the Laplace’s equation &
|

32 7=, Uis called a harmonic function.
Let fiz) = u + iv be analytic in some reci 3 0y
el e

equations. the z-plane, then u and v satisfy C-R

Funcﬂm.ls OF A COMPLEX VARIABLE
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o
ox a}' A1)
du _ dv
and D & (2
Differentiating (1) partially w.r.t. x and (2) w.rt. y, we get
P o
ax?  oxey A3
9u 0 o
and P dyx . (4)
Assuming -2 = 2¥ and adding (3) and (4), we get
dxdy dyox A
2 2
Now, differentiating (1) partially w.r.t. y and (2) w.rt. x, we get
fra 3.2 4 (6)
Free
o%u %
s T AT
- axdy o
. d%u .
Assuming —— = oy and subtracting (7) from (6], we get
2
%z—z + %’% =0 A8

Equations (5) and (8) show that the real and imaginary parts u and v of an analytic
function satisfy the Laplace’s equation.
Hence u and v are known as harmonic functions.

3.22. ORTHOGONAL SYSTEM

Every analytic function flz) = u + iv defines two families of curves ulx, y)=¢, and
ulx, y) = ¢, which form an orthogonal system. (U.P.T.U. 2009
Consider the two families of curves v
ulx,y) =, A T
and vix,y) =¢, .A2)
Differentiating (1) w.r.t. x, we get

du
ou du dy g‘2=-—a—"c-=1r1n (say] |
§+$'£=0 or o . 1 say
dy
dv ! :
dy __ox _ uny) =,
Similarly, from (2), we get okl m, (say) .
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du dv
dxr ox
G L b av =(3)
¥y
Since fiz) is analytic, 4 and v satisfy C-R equations
Le., au - QIJ and d“ = aE
& oy ¥ W
dv ov
From (3), mymgy = agv &;) ==1
-5

__Thus the product of the slopes of the curves (1) and (2) is - 1. Hence the curves intergee
at right angles, i.e., they form an orthogonal system.

3.23. APPLICATION OF ANALYTIC FUNCTIONS TO FLOW PROBLEMS

—

o Since the real and imaginary parts of an analytic function satisfy the Laplace’s equa-
tlonb;n two variables, these conjugate functions provide solutions to a number of field and flow
problems.

) For example, consider the two dimensional irrotational motion of an incompressible
fluid, in planes parallel to xy-plane.

Let V be the velocity of a fluid particle, then it can be expressed as

V:u‘ g+u,,_;

(1)
Since the motion is irrotational, there exists a scalar function ¢(x, y), such that

V=V, y) = ﬂi‘-&%j

= w2}
From (1) and (2), we have v, = % and v, = -gyi LD,
The scalar function ¢(x, y), which gives the velocity com i i
) ¥ ponents, is called the veloci
potential function or simply the velocity potential. ¥
Also the fluid being incompressible, div V = 0
- ti_'_ ~d : A
= Jg v +v,j) =0
du, dv
= s -87: =0 .(4)
Substituting the values of v, and v, from (3) in (4), we get
d(de) 9 (d¢ 2% a%
ax[am]*?a;[?a;]“ e b L
Thus the function ¢ is harmonic and can be treated as real part of an analytic function

w=flz)=dlx,y) +iy(x,y)
For interpretation of conjugate function y (x, s, ) ; ve
¥ (x, y) = ¢’ is given by v/ @ Eope at any point of the

FUNCTIONS OF A COMPLEX VARIABLE
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)
g}—" sS=- E—k- = i
dx dy - d9 [By C-R equations|
dy  ox
u}'
=i

By (3]

[

This shows that the resultant velocity Juf + u_f of the fluid particle is along the tangent

to the curve y (x,y)=c"ie, .the fluid particles move along this curve. Such curves are known
as stream lines and y (x, y) is called the stream function. The curves represented by ¢ (x, y)
= ¢ are called equipotential lines.

Since ¢ (x, y) and yix, y) are conjugate functions of analytic function w = flz), the
equipotential lines ¢ (x, y) = ¢ and the stream lines y (x, y) = ¢, intersect each other orthogonally.

dw 00 .oy
N ¥ — — ——
o T
=3—2-i% [By C-R equations|
=y, - iu’ [By (3]

The magnitude of resultant velocity =

dw 2 g
o o
The function w = flz) which fully represents the flow pattern is called the complex
potential. _
In the study of electrostatics and gravitational fields, the curves o (x, y) = ¢ and y (x, ¥)

= ¢’ are called equipotential lines and lines of force respectively. In heat flow problems, the
curves ¢ (x, ¥) = ¢ and y (x, y) = ¢’ are known as isothermals and heat flow lines respectively.

ILLUSTRATIVE EXAMPLES

Example 1. Find p such that the function fiz) expressed in polar coordinates as
flz) = r? cos 28 + ir? sin p# is analytic.

Bol.lxtﬂz):uq-iu,th.enu=rzcos20,u=rzsi.np0

du dv ;
;=2rm2ﬁ.ar-2rsmp8
du ; W
¥=-2r23m28,ae-p cos p8
- b 1%
For fiz) to be analytic, 37 % and g

& 2r cos 29 = prcos pp and 2r sin p8 = 2r sin 20

Both these equations are satisfied if p = 2 . o

Note. For a function flz) to be analytic, the first order partial derivatives of u and v must be
continuous in addition to C-R equations.
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- b z . ] () e‘l - . - -
Cauchy-Riemann equalions are satisfied there al. WPy Uul:m Similarly, :h—l:nnv ={
' = = B | 1] .
M f(z) = ulx, ) * iv(x. 3) Jxyl. then u(x.y) = 57 ', y) tula lim fiz)=0=fl0)
At the onigin (0. 0). we have |y o o i continnse st et
_ ﬂ} - ul » 3 = = . " ;
‘.;5 % Iin% ulx, : = }I_II:) _.._.I = Hence flz) is continuous for all values of z.
= . .
w . w0,y - u(0,0) . 0-0 _ " At the ongin (0, 0), u_re have
- s R W un,0)-u0,0) k-0,
v ox,00-v0,00 . 0-0 @ sl K 10 X
n =,1L,, = ',h_l.na T : W _ o w0 -u00 oo -y-0
_ dy »-0 y s=0y
: 0, ¥) - v, . 0-0 :
-4 lim Lt . lim =0 W g SEO OO o 200
u v du G - =
Clearly, g=a.g=-£ %: -mu_{‘m;"‘_“-}ﬂ:u,%!_‘l:l
= y—0 y
Hence C-R equations are satisfied at the origin. du v " I o
v — Al e =
- fi X dx o:
Now 10 = lim £2=1OQ _ iy Vo[-0 . ¥ -
2=0 z 20 x+iy Hence C-R equations are satisfied at the ongin.
Ifz - 0 alo ine y= E s S T
- ng the line y = mx, we get Now, £(0) = lim f(z)- f(0) _ kim (x J.;z p+::x. *? -0
yIma? | (m| £a0 2 s=0 (xF i iy
f)= lin}u{lﬂ_mjz in‘.:,“_ Let z — 0 along the line y = x, then
xS, x= im
R 5 3 s o > 4
Now this limit is not unique since it depends on m. Therefore, /'(0) does not exist. f0) = lim ke ; S —= L= Al-h_ Lis A1)
Hence the function f(z) is not analytic at the origin. s2020%(140) 1+vi 2 2
Example 3. Prove that the function [(z) defined by Also, let z — 0 along the x-axis (i.e., y = 0), then
e B
;¢)~M f0=limE25 =141 A2
= B PG 22 0and fl0)=0 TN .
is continuous and the Cauchy-Ri gL Since the limits (1) and (2) are different, {'(0) does not exist.
exist. chy-Hiemann equations are satisfied at the origin, yet [ "(0) does not Example 4. Prove that the function sinh z is analytic and find its derivative.
p (M.D.U. Dec. 2009, May 2011) (P.T.U. 2007
Sol. Here f{z)={x ‘J'J:H'lxsq-y”) 20 Sol. Here ﬁ.z):u+iu=si_nhz=51nh[;+iy)=sinhxcwy+icoshxsm_v
. ! 1 -
iy u =sinh x cos y and v = cosh x sin y
S_,8 3 o8 ; 0
Let fA)=u+iv=5—L LoyiXty 1=y ._x"ﬂa % _ coshxeosy, 5 =-sinhxsiny
_ Py T then n==—75.v="73_7 dx dy
Since x“+y x t)
220 = a+yigg al-smhrsinygv-scoshxmsv
w and U are rational functions of x and y wi d ax -y /
hence f(z) are continuous functions when z 2 g ?I' ¥ with non-zero denominators. Thus. 1, £ & du i .
w, ¢ to polar co-ordinates by putting y = - To test them for continuity at z = 0, on chang"é . —=— and o B8
l;‘l'l 10 rme.y=rsm9,wege[ : - o gy v dx
= r(cos® @ - gjp? , '
Whenz—0.r = 0 BRTO and v = r (cos® @ + sin? §) Thus C-R equations are satisfied.
e e r(cos? 8 - sind g) =
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Sol. (a) Along the line y = x,
dy = dx so that dz = dx + idx = (1 + i) dx

J:"u? —éy]dz=j;ix2 —ixN1+ Ddx YT

___E— 6
(b) Along the parabola y = x*, dy = 2x dx so that
dz = dx + 2ix dx = (1 + 2ix) dx
and x varies from 0 to 1.

1+ 1
.L “x? -ry»dnj; (x? - ix2X1 + 2ix) dx

-u-n_L 221+ 2in)de=(1-i)| %

l_'|
w[“,,
& —=

-
1£]=(1-fx2+351:§ 1
332 6 i
Example 3. Evaluate f:"m*’dz. g

"(1—1)[

(a) the real axis to 2 and then vertically to 2 + i.
(b) along the line 2y = x.
Sol. (20 =(x-iy)? =%~y - 2ixy

(a) Along the path OAP, where A is (2, 0) and P
is (2, 1).

2+

_L (3)%dz

= (=2 — y® =9 j 2 g o
_LAI y xy) dz + apu ¥* = 2ixy) dz

o i K]
Now, along OA, y = 0, dz = dx and ¥ varies from

A7
L (x? —y -2xy)dz=| x*dx= -—g
3 3
Also, along AP, x = 2, dz =idyandyvaries&om0tol

jirz—”—'adz-' )i
= ¥y - 2ixy —_L"‘-)’z-‘i&yndy

Ydr

Oto2

3 |

S -

‘[“’"‘é‘ﬂyz} =ti-2i40-9.11;

" 0 3 3

Hence from (1), we have J;‘[E)"’dz=§.+2+}_{. l4+11
3

— El'
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P 7
(b) Along the line OP, 2y =1,

andy varies from 0 to 1.

J, @t [yt 4yt :
5 & Xy '2L¥J’dz=jol4y -y - 4iy* )2+ ) dy

dx = 2dy sothat dz=2dy+:dy=i2+udy

i
=(2+il13-4»i)j“y2d)l=(lﬂ—5:]|r—q- :E 5,
Example 4. Integrate flz) = x* + ixy from A(1, 1) to B(2, 4) along the curve x = 4, y = £.
Sol. Equations of the path of integration are x = ¢, y = ¢?
‘ dx=dt, dy=2tdt

At A(1, 1), t=1 and atB(2 4),¢=2

_[ flz)dz = le myudxndy)-j (£ + i)dt + 2it dt)

Sy aa ¥ aan ]'t_“m_sﬂ |3“|
-j‘{r 2t )dzHLas dt-L 5\

(E‘ﬁ] {1 2} (12_§]= 151 45,
=\a b 3 5 4 F T

Example 5. Prove that

) fc fu

{ii]}(z—a}“d_z =0 [nisan integer #— 1], where Cisthecircle | z-a | =r
c

J

=2m

Sol. The equation of the circle C is
|z-a|=r or z-a=re?

where 0 varies from 0 to 21 as z describes C once in the Y
anti-clockwise direction.
Also dz = ire’® d6.
dz  2ire®de . ey .
] - _= 0 =2m
(l} Cz—-a jo re'e : -LI
(i2) § (z-a)"dz= I Lire™ do
an .
s+l i+ 10 da 5.
=1r jo e 011 %
‘e:‘-mm )t
=+l s nz=1)
= i s DL
-
rntl
L — U | |
ey le ]

|2 @2n*im = cos 2An + 1M sisin2n+lm=1+10= 1)

I
© a3
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Example 8. Evaluate L. (22 + 8z + 2)dz where C is the arc of the cycloid x = a(f 4 sin g

¥ = a(l - cos 0) between the points (0, 0) and (na, 2a/.

Sol. The function flz) = 2% + 3z + 2 is a polyno- Y
mial and therefore analytic in z-plane. Hence the line A6 =x)
integral of flz) between the points O(0, 0) and A(ra, 2a) f
is independent of the path joining these points. Let us /a
choose the path of integration as: ]

«
(i) From (0, 0) to B(na, 0) along the real axis; =5 ]
followed by oe=0" "8
(¢6) From Bina, 0) to A(na, 2a) vertically "
J’c fl2)dz = J'mfmd“ IM flz)dz i)
Now along OB,y =0
z=x+iy=x, dz=dx
and x varies from 0 to na.
A2)=22+32+2=x%4+3x+2
na R -
I f(zla'z:f (x2+3x+2}dx={—-—+-—+2x}
0B 0 & 2 ks
33 2 2
= "; +hTa+2m=%(2rrzaz+9‘M+l2)
Also, along BA, x=mna
: Z=x+iy=na+iy,
dz = idy and y varies from 0 to 2a.
flz)=2"+32+2=(na +iy?+3(na + iy) + 2
2a
]m flz)dz= J; [(na . iy)® + 3(na + iy) + 2) idy
r y
K Jtm+i_v)" 3(na +iy)*
=|< - + P
[l 3i Z Y "k
- : 3 .
--3mnu-t-eza):HEtﬂ:.tr+12::|}"'+2£.4?4::—%115'\'.:3—gﬂ:a2
a
a - =
=-3—(rt+m"+—3-';(1:-;-&'}24-4&.:;..111"’:13—§1|:3::2
2 3 2
From (1), we have
(22 +3z+20dz="2 2 a’ 5
j(‘ 6 (2na +9m+12)+ ?{11.2“3_'__3%_(“1_2”2
33 3 232

1
4ia - — -—
+ dia 3na 2110
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3. Evaluate j Z dz, along the curve given by z =1+ 1l
0

175

1 33,3 22 a’ y 3a® . ;

=§ﬂﬂ +-2—na +2m+~3—fn+2¢ix+7ln+2m2v4iu~%n"a"'—3n2a2
3 2

:%—(n+2il“+%(n+2ﬂ*+2¢:m+2n

A+ 2
1. E\'uluateJ; 2* dz, along

x
3
(c) the parabola x = 3y*

(a) the line y = (b) the real axis to 3 and then vertically to 3 +

2vi
2. Evaluate JI (2x +iy + Ddz along
-
(@) the straight line joining (1 - ) to (2 + ). (b) the curve x=1 4+ 1 y =21 -1

v

(MO Lee. 2006)

4.  Evaluate f |z dz , around the square with vertices at (0, 0). (1. 0), (1 1) and (0. 1)
c

5. Show that § (z+ 1) dz = 0, where C 15 the boundary of the square whose vertices are at the
C

points z=0,z=1 2z=1+iandz=1 (M.ILUL Dec. 2005, May 2008

6. Evaluate Ic{y - x - 3% dz, where C is the straight line fromz=0toz =1+
7. (a) Evaluate J- (z - 2°) dz, where C is the upper half of the eircle | z | =1 What is the value of
C
this integral if C is the lower half of above circle 7
(b) Evaluate I (z - 231 dz . where C is the upper half of the cirele 121 =1 (M.D.U. Dec. 2001)
C

3. What 1s the value

M.D.U Dec. 2009

() Evaluate jC(E - 2*)dz where Cis the upper half of the cirele | z2-2 |

of the integral if C is the lower half of the above given circle ?

=1 from - 1 to | above

LN

8. Prove that j l dz = - i or nti according as Cis the semi-circular are
Gz
or below the real axis (MDD

9. Show that for every path between the imits

Mav 2005)

~2+i i
2+2P dz=-~
L 2+2)° dz 3

2+
10. Evaluate j (2% + 2) dz along the line joining the points (1, - 1) and (2 5
1=
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the vontour
Proof: Let R be the region bounded by the curve

11. Evaluate J
e

sl ralg e o :T—lIu:—‘| . | | a
l;” | I|I'I'r|:|::' II|!‘|h "ur:l! drcle | 21 =1 from z=-ltoz=1 Let flz) = u (x, ¥) + wix, y), then ..II‘
(M left hall of the ! , clockwise sense § Z]dz:§ ' .

(e carele given by | 21 11=1 described 1n thie'clockwine. serise ) f( 1 e % |
= (udx - p i
i‘ :d_wﬂi_ tvdx + udy) A1)
=

f log 2 dz where 18 the unit cirele 121 =1
c

|2|dz w here U118

12. Evaluate
Sincaf‘{zliscontinuuus,lhepamaldehva“v%a_u du B v \

Answers ' 3y 3 2
9 . . ” ax o ,-h, i
L G it i @6+ %h i are also continuous in R. Hence by Green's Theorem, we have
il SR 3 5 A o :
25 8 . iftzldz:” N . du )
2. (4 + 8 by 4+ 3! 3.10 3! -1+ ’ R dx ady dxdy ’H I._ dx ;}yid"d-' A2}
g 2 i : Now flz) being analytic at each point of the region R, by Cauchy-Riemann equations, we
6 I1-i 7. (@ 33 (o)1 e} 30, — 30 have
1 a_‘“ - a_v du e du
10. 4 3 103+ 640 1l (b 2t () Er' dx-ay and Fy.__;!-x_
12. 2m Thus, the two double integrals in (2) vanish.
Hence § flz)dz =0,
3.25. SIMPLY AND MULTIPLY CONNECTED REGIONS (M.D.U. May 2009 e .
<t ; : 4
; o L — g B ) is 1 1 ) =
A curve is called simple closed curve il it does not cross itself (Fig. 1). A curve i o Cor. L. If fiz) 1s anal:vfllc‘.m a region R and P and Q aw.mo points in R, then L flzidz
crosses itsell s called a multiple curve (Fig. 2) w is independent of the path joining P and Q and lying entirely in R.
Let PAQ and PBQ be any two paths joining P and Q.
By Cauchy’s theorem,
’,..-'—'_—-—-_,—
L. o oy
PAQBP / A g |
I flzldz+[ flzaddz =0 ) \
c PAQ QRP 8 . \
a = I f(z)dz—j flz)dz =0 if /
C PAQ PBQ / " |
Hence I fllzld'z=.[ fiz)dz . p— A \
PAQ PBQ \
2 Cor. 2. If fz) is analytic in the region bounded by two sum-
Fig.1 Fig 2 Fig 3 ple closed curves C and C, then -
. nlg-::l:':-;,::;a\l |:- called .w:f'mlph- connected il every closed curve in the region encloses points of i flz)dz = i_ fiz)dz
| onldy, r.e. every closed curve Ivineg i i o : 4 '
kg citoln A n-::m:.\:\ 'I'-l‘"fl" ed urve lving i it can be contracted mdefinitely without pas Let AB be a cross-cut joining the curves C and C,, then the : ~
plam terms, n simply ¢ . !‘\ not simply connected is called a multiply connected region In doubly connected region becomes simply connected. IC
o Py connected region 1s one which has no holes, Fig. 3 shows multiphy _ N‘ _ ;
By Cauchy's theorem, I flz)dz =0 i
2 APQARIVERA B D
AR °

connected region R enclosea bopy
s Tween two separate ¢ PR N gl Al
twoseparate curves) We ean convert ; parate curves ( { and « o (There can be more th
amultiply connected region into a simply connectedone. - | \
) > I fizydz *I f'l:‘ni:+.‘. r\:hf:-l fizdd: =0 o
APQA Al BOER HA | { G

by givimg it one or more cuts g, along the dogged line A
*
3.26. CAUCHY'S INTEGRAL T I |
OREM M.D.U. Dec. :‘””w * i_h-)tf. t jl\"f\.h!'. N.-|n“r‘ \u“ l" o |
Statement. /f fiz) s an analyiie f) .
: I ‘ : | - ’ ) o : P i L
¢ function and ['(2) is continnous at each point 4 il s i_f‘l:hf. t'.“"'f' 0 :
curve 15 traversed i counter

and on a stmple closed curve C, then
taken positive when the

j. fadd: = (integrals around a closed curve are
{ l'll\l‘kwin[\ din\flillll'l
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Hence

ijflz)dz=£ flz)dz

The theorem can be extended.

If a closed curve C contains non-intersecting closed curves C,, Cy, ..., C | the, b

introducing cross-cuts, it can be shown that ¥
= (2)dz.

(o it i 08, LD

3.27. CAUCHY'S INTEGRAL FORMULA

(V.T.U. 2007; U.P.T-U. 2006, 2007, 200
—

Statement. If f(z) is analytic within and on a closed curve C and a is any point Wwithin

C, then
1 fiz)
J = — —dz.
fia 2micz-a

Proof. Consider the function ﬂz
z-a

, which is analytic at

every point within C except atz = a

Draw a circle C, with a as centre and radius p such that C,
lies entirely inside C.

Thus 72 js analytic in the region between C and C,.

z-a
By Cauchy’s theorem, we have
§ fle f(zl
cz-

Ciz-
Now, the equation ofcurcle C,is
|z-=a| =p or
dz = ipe® dB

z—a = pe'?
s0 that

flz)
C,zZ—a

2n (
dz = j "r‘”"” pe‘"dﬁ—lj fla +pe™)dd

Hence by (1), we have flz’ dz -:I fla+pe™)do

In the limiting form, as the c1rclc C, shrinks to the point a, iL.e.,

C

.{1)

.A2)

p = 0, then from (2],

f(zl
) S e aj fla)do -tﬂu]J do = 2nif(a)
1y f@ -
Hence 100 e, Mo which is the required Cauchy’s integral formula.
Cor. By Cauchy’s integral formula, we have
1 flz)
) = — (1)
fla 2mdc z-a o

where a is any point within C and may be treated as a parameter.

FUmes OF A COMPLEX VARIABLE

Differentiating both sides of (1) w.r.t. q,

fla }___§ ﬂZ)] _1_ f(z)
da 2ni Jo (z - q)*
r 2! f(zl
Similarly, f“a) = o, {z—a]‘
1
fm(d.] = i f{l]
2m e (z-@)f
- n! f(zi
and in general, fa) = 27 i: z-a)t

Thus, ifa function of a complex variable has a first derivative in a simply connected region,
all its higher derivatives exist in that region. This property is not exhibited by the functions of
real variables.

ILLUSTRATIVE EXAMPLES

Example 1. Euuiuatef (x® — y* + 2ixy)dz, where C is the contour | z | = 1.
Sol. fiz) = x* — y? + 2ixy = (x + iy)® = 2% is analytic everywhere withinand on | z | = 1.

By Cauchy’s integral theorem, i flz)dz = 0.

Example 2, Evaluate J{_ (3z% + 42 + 1) dz, where C ¥

is the arc of the cycloid x = a(® - sin 6), y = a(l — cos 8) c
between (0, 0) and (2na, 0).

Sol. Here, ﬂz) = 322 + 4z + 1 is analytic everywhere
so that the integral is independent of the path of integra-
tion and depends only on the end points z, = 0 + {0 and
z, = 2na + (0.

2na 2
_[ 1322+4z+11dz=jo (322 +42+ 1 dz
C ¥

Alz,)

0Ofz,)

“2na

=[z:a +2z° +zl = 813a® + Br%a? + 2na = 2na (4na” + 4na + 1)
do

circle

Example 3.

(@)|z|=2 B ]z|=1%-

Sol. flz) = e* is an analytic function.
(a) The point a = — 1 lies inside the circle | z | =2
Cauchy’s integral formula,

flz)

_1_§ 27 4 = 2mie.
omiJc z-(-1) :

= f- =
g fi=N e z+ 1
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(b) The point a = - 1 lies outside the circle | z | = 3.

5 _
The function .e—l is analytic within and on C.
Z+

?_I
By Cauchy’s integral theorem, we have i-. z+1

msi

c(z-Mz-2)
Sol. The integrand has singularities where

(z-10z-2)=0 ie, atz=1 and z=2.
Both these points lie within the circle | 2 | =3
flz) = cos nz? is an analytic function.

1 1 1

z-Wz-2) z-1 z-2

f L wax’ + cos nz’ dz
c ¢ g=1 z=2

Example 4. Evaluate

Also

-1 !

( Sol. The integrand has singularities, where 22 - 1 =0 j.e.,

Az) = 32% + z in an analytic function.
1 1 3[ 1 1)
-1 -Dz+D 2\z-1 z+1)

i:"; vz, 1p 32 vz 4, 10 32%+2
F 2t =1 2Jc z2-1 2l z+1

Also

By Cauchy’s inbegral formula,
327+ 2

———dz = 2m fi1),

e 2-1 Where ﬂzl =

3224 2
= 8Bmi
By Cauchy’s integral theorem,
32242
c z+1
From (1), we have

3z* + 2z
i. 2% _73 dz—'lltl,

(z-MWz-2) -
'/":,5’ =-2miL) + 2mi fi2), where fiz} = cos nz?

=—2ni cos T+ 2 cos 4n = 2mi + 2m = 4m.

dz, where Cis the cirele | z | = 3,

=1

- Example 5. Evaluate f 32 e dz, where Cis the eirele | 2-1 | = 1.
22

(M.D.U. Dec. 2008)

atz=landz=-1,

The circle | z - 1 | = 1 has centre at z = 1 and radius 1 and includes the point z = 1.

Y4

AR

) Oui
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Example 6. Use Cauchy's integral formuia to ecaluate
2z

————dz where Cis the circle | = | =

f{_&*_”‘ where Cas the circle |z | =2,

Sol. The integrand has a singularity at z = - | which lies within the circle | ]

‘
, nfoy = J1 fiz)
Now [ay = om i PR dz (
Ln+1=4 ie, n=3 fiz3=
fM2)y =20 e®, () = F (-

Here a = -
1y=2%e+

3! e 3 €
hav i e ) —— -2 TRl
we [7(- 1) o f{ dz = B8el; f dz

From (1). we
> (z+ 6“-1[11',.1}

§ e - Bm
c tz+n‘ 3e?

Hence

MJ" 1 dz, where Cis the circle x* +y* =

4 Example 7. 1= §

fi3), [(1-i)and f7(1+1).
Sol. The givencirele Cisx*+y* =4 or [ z]=2

The point z = 3 lies outside the cirele | z | =2while z=1 —iand z= 1 =i lie inside the

circle.
322 +7241 322 472 +1 : .
Now. f(3) = i: —2sz and W analvtic within and on ¢
By Cauchy’s integral theorem, we have
2
o Tl - =0
C z-3

Now let ¢§(z) = 3z% + Tz + 1 which is analytic everywhere.
By Cauchy's integral formula, we have
o) = 2:: = jzéd.. where £ is a point within C
32247241
=g
= flg) = 2mi(3&* + 7
[(1=i)=2m [6(1=1)
["(E) = 12m
[+ )= 12m

= 2Mid(E) = i dz = f(&)

.';T 1§} = [ =2Zmum+T
71 = ZRI(13 = 6i) = 2r(6 + 131)

Also

4, find the values of

(M DU Dec 2011)

EXERCISE 3.8

1. Verify Cauchy's theorem for the integral of z* taken over the boundary of the

(i) rectangle with vertices - 1, 1.1+, -1+

3.2

(if) trinngle with vertices (1, 2. (1. 4).(
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2. (a) Evaluate i’ L n=2 34 where C 1s a closed eurve containing the point z=4
c(z-a'
- 8 1 - .
(b) Evaluate & __-?_*_I dz, where Cis the circle | 2| = E (.D.U. Dec. 2011
3. Evaluate f = --*5 dz where O is the circle
c z2-3
(o) | 2] =4 Mmlzl=1
4. Evaluate § L dz where C is the circle
cz-2
(@ lz|= Mlzl=1
2
5. Evaluate f M dz . where Cis the circle,
o z+1
1
faylzl=145 bylz+i]=1 (!-'l|2|=E,
" sin. 12
6. F.\.'nhmlo§ dz where Cisthecircle | z | =5.
c T¥ T
. 2
7.  Evaluate § z2 '.; = : dz, where C is the ellipse 432 + 9 = 1. (M.D.U. Dec, 2005, May 2008
C " =Jdzri
B.  Evaluate (1;1-1 = dz around a rectangle with vertices
Ccz"=-1
(@y2+i -2 B)=(,2-0 2+ 1.
9. (0 Evaluate § —g—lu--- dz. where Cis | 2| =1 (M.D.U, May 2006, Dec. 2006)

12.

13.

14.

15. E\'a.]ua{t'f et
c z

C [ u\
z
6)
i sin® z
(i) Evaluate § ———sz where Cisthecircle | 2| =1. (M.D.U. May 2005)
-3
(4]
o .
(eir) Hmluahtf = ~dz, where C | 2| =3
c(z-29

Evaluate § z—dz . where C is the circle
clz-=1z-3)

@ lz|l=35 B lzl=3r

i Y z+ 4 ¥ % .

FEvalusats i :?—z— +—22—+5 dz. where Cis the cirele | z | = 1.

. 2 2
' sin rz* + cos nz
Evaluate i e dz, where Cis the circle | z | =3 (U.P.T.U. 2008
e?

Evaluate f D dz , where C is the cirele lz| =2

Evaluate f =L dz, where Cisthecircle | z | = —

c 2(z+ 1

dz, where Cisthecirle | 21 | =3

F A COMPLEX VARIA
FuncrioNs © oue .

Piz)

—5 dz = ppi
C ,'_r

2 P(z)
Let P(2) =a+ bz +e2* and §_dz__§_li_‘(_;ldz=
g8 C z

where Cis the cirele | 2 | =1 Evaluate P(z).

16.

i
17. Evaluate § e—zdz. where Cistheecirele | 2| =1
Cc z

-2z

18. (@) Evaluate £ f d; , where Cis the cirele | 2 | = 2.
z+

T
(b) Evaluate § -—e—f dz, where Cisthecircle | z | =3
C(z-1z-2)

2 2 2
19. I f@= s 1+ : dz, where C is the elhpse XT + y? =L, find A1), D). =Ny and {70
)
G NT.U. 2005; MU, Dec. 2007)
20. Evaluate, using Cauchy's integral formula:
2z
(0] — ¢ 4z where Cisthecirele | z | =
G (2= z-Mz-2
1 o : o
13 % dz where Cis | z-2 | == (ULP.T.L, 2009; M.D.U. 2007)
® Jo Z 3242 2
(iii) JI e di . where Cis | 2-1| =3, (M.D.U. May 2006
z+ 1}2
i _..—2‘-? = f . M ; UPT.LU, 2008
v dz, where Cis | z | =4, (M.D.U. May 2011,
@ )IC + 1)
(l')I 2 _h,;ldz where Cis | 2 |1 =2.
= i)
(M.D.U. Dec. 2010

1
(l'l)j liz..-dz whareLtsIz—lI-E
Cc (z-1

(vit) I ——dz. where Cis the circle | z | =15

(vitf) §

__©" 4z where Cis the square with vertices at £ 1 + €. (M.D.1L. Dec. 2008

h. 2)‘
Answers .
2. (@0 (b 0 3 (@) 28 (BYO 4. () 2me (DO
5. (@)—-6ri (O ()0 6. 2m 7.0
21 o
8, (@0 (b)-mni 9. () ni (ii) 16 n (i) 12 m
10. (a)2m (b)-mi 11.0 12. 4m
1. -3 mie 14. 2ri 15. - 2mi
2 17. - 2mi _

:: (1 ;::r::e? (b) 2nie 19. 20mi, 2rii - 1), - Lm, 161
20. () 2mi(e* - €% (i) 4mi i =

(iv) i (t) = 10mi (v - m

u.-m?: (viid) 72ni [In 2 = 0.6931]
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CONFORMAL MAPPING*
(For K.U.K. Only)

3.28. TRANSFORMATION OR MAPPING
L —

We know that the real function y = flx) can be represented graphically by a curve i
xy-plane. Also, the real function z = flx, y) can be represented by a surface in three dirma.-m:'1 s
:pace. However, this method or graphical representation fails in the case of complex ﬁmc;?nal
because a complex function w = flz) ie, u + iv = fix + iy) involves four real variables e
independent variables x, y and two dependent variables u, v. Thus a four dimensional re 3 =
required to represent it graphically in the cartesian fashion. As it is not possible, we s;:on Xy
two complex planes and call them 2-plane and w-plane. In the z-plane, we plot the icl o)
+ iy and in the w-plane, we plot the corresponding point w = u + iv. Thus the fl.mctig:.n f =
defines a correspondence between points of these two planes. If the point 2 desl'.‘l'i.bew iy
curve C in the z-plane, the point w will move along a corresponding curve C in the £y
since to each (x, y) there corresponds a point (u, v). The function w = fiz) thus deﬁn?w-plane‘
ping or transformation of the z-plane into the w-plane. TR

Va

-
o %//
W W

V=1

cY

»>v

Z-plane W

= : :

ot o rectangular region D in the z-plane bounded by x = 0,

Since w =z + (1 - i), we have

" uriv=+iy)+(1-i)=(x+ 1 +ily-1)

hus u=x+1 and v=y-1

Hence the I = = =
u=lv=—1lu= én::dxu =Ui .:n_tg'e ‘:u? Lﬂnd gt i]_l the z-plane are mapped onto the linc®
gel plane. The regions D and D’ are shown shaded in the

*This part is not included in the syllabus of M.D.U., Rohtak
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3.29. CONFORMAL TRANSFORMA'

w =03 TION OR GEOMETRICAL REPRESENTATION OF
e

Suppose two curves C,, C; in the z-plane intersect at the point P and the correspondin|
curves C', C,’ in the w-plane intersect at P’ under the transformation w = f(z). If the a le :f
intersection of the curves at P is the same as the angle of intersection of the curves at P’ :fth in
magnitude and sense, then the transformation s said to be conformal at P. . .

Y4 v

F{ W-plane t'

preserves angles both in magnitude and sense
d to be conformal at the point.
fiz) is conformal are given by the

x¥

o Z-plane

Definition. A transiormation which
between every pair of curves through a point is sai
The conditions under which the transformation w =

following theorem.

3.30. THEOREM

If fiz) is anelytic and f'(z) # 0 in a region R of the z-plane, then the mapping w = flz) s

conformal at all points of R

Proof. Let P(z) be a point in the region
point in the region R’ of the w-plane. Suppose
corresponding curve C’. Let Q(z + 52) be a neighbouring point on C

R of the z-plane and P'(w) the corresponding

P moves on a curve C and P’ moves on the
and Q' (w + dw) the corre-

sponding point on C’ s0 that P&l = &z and P’ b = dw.

Y

@ P '
— —_—
6‘ Z-plane X 0 W-plane u
Then &z is a complex number whose modulus r is the length PQ and amplitude 6 is the

angle which PQ makes with the x-axis.
. & = relll
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Similarly, 8w = r'e® where r is the modulus and 8" is the amplitude of &w.
dw ]
el
oz X :
Let the tangent to C at P make an angle o with x-axis and the tangent to C’ at P’ make
an angle o with u-axis, then as & — 0, 0 — e and 0" = o’

: dw _ Suw _ r_J -9
P I e T T =4

Since f'(2) # 0, let / (2} = pe'®, then p = | f'(z) | and ¢ = amplitude of f(z).

From (1), pe'® = &Lt" [’_ ]ef*"' m
S0l r
-
Thus p= &Lfn r ()
and o:(}{:o ®-B=a-a o

Nou;' !et C, be another curve through P in the z-plane and C,’ the corresponding curve
through P’ in the w-plane. If the tangent to C , at P makes an angle p with x-axis and the
tangent to C," at P’ makes an angle [}’ with u-axis, then as in (3),

o=p-p ..(4)
From(3)and (4), o' —a=f'-p or fp-a=f-a'=v

Ya c, c Va c E o
. 7
P P'(w)
o} % »
z-plane X o w-plane U

i Thus }:;ng]e b(}e;tWeen the ct:)rves before and after the mapping is preserved in magnitude

sense. Hence the mapping by the analytic functi = i i

ey yt; ion w = flz) is conformal at each point
Note 1. A point at which f'(2) = 0 is called a critical point of the transformation.

Note 2. From (2) p=_Lt =
bz —0 r
It follows that under the conformal transformation w = fi
: 2 i . = flz), the lengths of ares through P are
'r)na&'nlf;ed in the'rﬂlm‘p. 1, where p =!f"z) |. Thus an infinitesimal length in the z-plane is n';gagniﬁed
y the factor | /tz) | in the w-plane and consequently infinitesimal areas in the z-plane are magnified
by the factor | f(z) | in the w-plane "

Note 3. From (3), a’ = « + ¢ shows that the tangen
ttot 1
angle ¢ under the given transformation. gent to the curve C at P is rotated through an

Note 4. A harmonic function remains harmonic under a conformal e T

FUNCTIONS OF A COMPLEX VARIABLE
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3.31. COEFFICIENT OF MAGNIFICATION

187

Coefficient of magnification for the conformal i
; y transformation w = flz) at z = B i
given by | fla + if) | where dash represents derivative. PN TR

3.32. ANGLE OF ROTATION

Angle of rotation for the conformal transformation w = flz) at z = a + if} is given by

amp. If la + ip).
Example 1. For the conformal transformation w = z°, show that

(i) the coefficient of magnification at z = 1 + i is 242.

(ii) The angle of rotationatz =1 + i is %
Sol. Here flz) =w = 2*
: flzy=2zand f(1+1)=2+2i

The coefficient of magnification atz=1+iis | f(1+i) | = J4+4 =242.

The angle of rotation at z = 1 + i is amp. [f"(1 + i)] = tan ! %:%
3.33. SOME STANDARD TRANSFORMATIONS

1. Translation: w = z + ¢, where ¢ is a complex constant

Let z=x+iy, c=a+tbandw=u+iv
then the transformation becomes u + iv = (x + iy) + (a + ib) =ilx+a) +ily + b}
so that u=x+aandv=y+b

Thus the transformation is a mere translation of the axes and preserves the

shape and size. o
For example, the rectangle OMPN in z-plane is transformed to rectangle O'M'P'N" in

the w-plane under the transformation w =z + (1 + 2i).

v N1+ 3i) P(3 + 3i)
Y
"""" 101 + 2i) M(3+27)
N(+i) e
@+ L :
1 g
2 M :
o| @+0) X o 2 u
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2. Rotation and Magnification: w = cz, where ¢ is complex constant.

Let ¢ =pe" z=re®, and w = Re®

then the transformation becomes Re®® = p re'®
R=prando=86+a

Thus the transformation maps a point (r, 8) in the z-plane into a point P (pr, 0 + @) in
the w-plane. Hence the transformation consists of magnification of the radius vector of P
by p = | ¢ | and its rotation through an angle « = amp (e).

Thus under this transformation figure in w-plane is similar to the figure in z-plane
(magnified by | ¢ | ) but rotated through an angle o

Note 1. If « > 0 then rotation is anticlock wise and
Note 2. In w = cz: if C is real then « = 0, then this transformation is only that of magnification

if & < 0 then rotation is clockwise,

Ino rotation)

_ in I_.his case the two figures in z-plane and w-plane are similarly situated about
their respective origins but figure in w-plane is |c| times figure in z plane. Such mapping is
called Magnification.

For example the transformation w = (1 + i) z maps the square OMPN bounded by x = 0,
y=0,x=1,y = 1in z plane to the square OM'P'N’ w-plane.

v Ve

P(0 + 2i)

N0 +i) P(1+i) \

N’ X M

(-1+i0) 3 1(1 + i)
i ry
o] (1+0) ; o] _tl
z-plane w-plane
Here u+iv=(1+Dx+iy)=(x-y)+i(x+y)
u=x-y,U=X+Yy
x =0 maps into u =-y, U=y Le., v=-u
y=0 mapsinto u=x, v=x i.e., v=u
x=1  mapsinto u=1-y, v=1+y e, wu+v=2
y= maps into u=x-1, v=x+1 ife, v-u=2
Square in z plane is mapped into square in the w plane bounded by u = v, u =-V,
u+v=2,v-u=2
Verification: Here i = 1+i .. |c|= 42

Each side of the square in w-plane is | ¢ | times (ie, J2) the side of the square is

4

1 .
z-plane also amp of ¢ = tan’ i and the sides of the square are rotated through an angle ’—‘: ;

[N
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This transformation is rotation as well as magnification
Consider another example in which ¢ is real:

Example: The transformation w = 2z maps the triangular region OAB bound by the
linesx=0,y= 0, x + y = 1 into a stmilar triangle OA'B’ in w- plane.

X v
a!
B
A = | A o
o] X GI U
z-plane w-plane
Here w =22 u + iv = 2(x + iy)
u=2 v=2y
z =0 maps into u=0

y =0 maps into v=0
x+y=lmapsinto%f%=] ie, u+v=2
Varifiction: The two figures are similar but figure in w-plane is
z-plane.
This transformation is only Magnification

1
3. Inversion: w= =

Let z = re'® and w = Re"?

2 times the figure 1s

) 1 1
then the transformation becomes Re'® = —;e“" sothat R = =
and ¢ = - 6.

1
Thus under the transformation w = 38 point P(r, B)
(1
in z-plane is mapped into the point P U_ e ﬁ).
Consider the w-plane superposed on the z-plane. If P

is (r,8) and P, is (%U) then

1

OP, === E)IF ie, OP.0P, =150 that P, is reverse of P w.r.t. the umt circle with

=
centre O. )
[The inverse of a point P w.r.t. a circle having centre O and radius k is defined as the

point @ on OP such that oP, 0Q = ¥°|
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ILLUSTRATIVE EXAMPLES —

Example 1. What is the region of w-plane into which the rectangular region is the
z-plane bounded by the lines x =0, y=0,x=1,y=21s mapped under the transformation
Ww=z+(2-1)?

Sol. The given transformation is

w=z+12-1i) le,u+iv=x+iy+2-i

u=x+2 v=y-1
x=0 maps into u =2
y=0 maps into v=-1
=1 maps into u=3
y=2 maps inte v =1

So the mapped region PQRS is also a rectangle bounded by u =2, v=-1,u=3,v=1
(shown in the figure below)

YJr

vy

z-plane w-plane

m

Example 2. Consider the transformation w = ¢ * and determine the region in w-plane
corresponding to the triangular region bounded by the linesx =0, y=0and x +y = 1 in the
z-plane. '

Sol. The given transformation is
in
w=etzgs= [msE+isin E) (x + iy)

4 4

g : 1 o s 1
e, u+iv=—=((1+)x+iy)=— [x-y)+ilx+9y)
> y 7 ¥ +ilx+yl

v

1 1
U=—=(x-y) v=—(x+y)
72 7

x = 0 maps into u——ll ) 1
g " TN & pe-e
: 1 1
y=0Omapsinto u=-—x,v=— =
V2 2" <
x+y=1mapsintov=;/—%Al u=__._l2
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' Y va
B v=1A2

B' Al

Vv=-=u V=uU
* n/4 N
9 A X o] A ]

z-plane w-plane

m

The transformation w = ¢ * z transforms the triangle OAB in z-plane into a triangle

OA’B' in w-plane rotated through an angle% )

1 g
Example 3. Under the transformation w = 5 find the image of the following curves

(i)|z-2i | =2 (Kerala 2005)
(iy-x+1=0. (P.T.U., May 2007)
Sol. The given transformation is
1 1 1 _ u-iv
w:; or 2=; or I+ly—u+l_u HE-}D?
u v
" = and = - - .ll'
" i al o R
(i) The given curveis |z—-2i | =2 or |x+iy-2)|=2
or 2+(y-22=2 or x2+yl-dy=0 =2

which is a circle in the z-plane with centre (0, 2) and radius 2.
Substituting the values of x and y from (1) in (2), we get

u® v? 4v u® vt 4uv

=0 or + ==0
[u2+u2)2+(u2+v2)3+u2+u"" w?+v?P  wt+ert
1 & 4u

or w? +uf w4t =0
or 1 + 4v = 0, a straight line which is the required image of the given curve.

(ii)y - x + 1 = 0 maps into

N ‘u. 2+1=0f.e.,—u—u+u2+v2=0

!.lt“‘+v2 uz+u
ich 1 ] 1 (2.2 d radius 2

or u? + v?— u - v = 0 which is a circle with centre at \3'3) oo o

1

- <ys % under the transformation w = 5

Example 4. Find the image of infinite strip y
Also show the regions graphically.
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Now, arg =" _ 4, represents a circle in w-plane passing through the points w, and
W=y

w, corresponding to z, and z, in the z-plane.

Example 18. Find the bilinear transformation which maps the points z = 1, i, - 1 ins,
the points w = i, 0, - I.

Hence find the image of | z | < 1. (Bombay 200g)
Sol. Let the required bili Nk s Y0
A e required mmlinear transformation w= =4 (1)
Substituting the corresponding values of w and z in (1), we get
i:ﬂ _ai+bd _—=a+b
c+d’ Tei+d’ C—gtd
These equations can be written as
(@a+b)-ilc+d)=0 @)
b+ia=0 ..(3)
and (—a+bl+il-c+dl=0 ...(4)
From (3), b=-ia
Adding (2) and (4), 2b-2ic=0 or c¢c= 2 =-a [Using (3)]
L
Subtracting (4) from (2), 2a -2id=0 or d= 3 =-ia
i
Substituting for b, ¢, d in (1), we get w = —E—_i or w= ‘_I_ £ ..5)
-az-ia i+2z
which is the required bilinear transformation.
Now, from (5), z=j e
1+w
| z | <1 is mapped into the region
.1- i) 1-w)|
L 1 et
1+w| |1+w| e
or |1-w|<|1+w]| |+ Ji]=1
or |1-u=iw|<|l+u+iv]| or (1—u)+v?<(1l+u)+0?
or u>0.

Hence the interior of the circle x? + y* = 1 in the z-plane is mapped into the entire half of
the w-plane to the right of the imaginary axis.
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— EXERCISE 3.9
1. Fimd the Iimage of the cif‘c'? | 2 | =2 under the transformation w = 7 » J+2
:‘i;d the image of the triangle with vertices at 4,1+, 1~iin the z-plane under the transforms

4.

10.

11.

12.

13.
14,

15.

16.

W=3z+4-2
Determine the region in the w-plane in which the rectangle bounded by the linesx =0,y =0, x =2

n
and y = 3 is mapped under the transformation w = 2. . .z

ansid‘.’l’ the transformation w = 2z and determine the region I’ of the w-plane into which the
triangular region D enclosed by the lines x =0,y =0, x + y = 1 in the z- plane is mapped under
this transformation .

Find the image of the semi-infinite strip x > 0, 0 < y < 2, under the transformation w = iz + 1.
Show the region graphically.

(a) Find the image of the circle | z -3 | = 5 under the mapping w = 1
<

(b) Show that under the transformation w = & , the circle x* + y* - 6x = 0, is transformed into a
F4

straight line in the w-plane.

. ; 1
Show that the map of the real axis of the z-plane on the w-plane by the transformation w = ——

2+

is a circle and find its centre and radius.
Prove that w = 1—fz— maps the upper half of the z-plane into the upper half of the w-plane.

Under the transformation w = :—_L , find the map of the circle |z|= 1 in the w- plane.

l+2
w-plane and the interior of the circle |z |< 1 into the upper half of the w-plane.

Show that the transformation w = , transforms the circle |z| = 1 into the real axis of

- | % e
Show that under the transformation w = _:Tz , real axis in the z-plane is mapped into the circle
| w | =1, What portion of the z-plane corresponds to the interior of the circle ?

Under the transformation w = z2, obtain the map in the w-plane of the square with vertices (0, 0),
(2, 0), (2, 2), (0, 2) in the z-plane.

Find the images of the straight lines x =0,y =0, x = 1 and y = 1 under the transformation w = z*

Determine the region of the w-plane in to which the triangle formed by x = 1, ¥ = 1 andx+y=1
is mapped under the transformation w = 2.

Show that the transformation w = |7 maps the domain in the z-plane to the right of the line
£ = a into the interior of a hyperbola in the w-plane.

1 :
Show that the map of the circle |z| = 2 under the transformation w + Zimz+— isan ellipse,

find its axes and centre.

A U



A TEXTBOOK OF ENGINEERING MATHEMATICS

204
a®-b? . 1 i
17. Show that the transformation w =z + —— transforms the circle |2] = 5 (a + b) in the
z-plane into an ellipse of semi axes a, b in the w-plane.
18. Find the bilinear transformation which maps:
fa) the points z = 1, - {, -~ 1 onto the points w =4, 0, —¢.
(b) the points z = 1, i, — 1 onto the points w =0, 1, = (V.T.U. 2006)
(c) the points z = 0, - i, - 1 into the points w = i, 1, 0. Find the image of the line y = mx under this
transformation.
19. Show that the condition for transformation w = E-% to make the circle |w| = 1, correspond to
a straight line in the z-plane is |a| = |¢|.
20. Find the bilinear transformation which maps the points z = 1, {, - 1 onto the points w = 2,{, - 2
respectively. Also find the fixed points of the transformation.
Answers
I. (u=-32+(v-2¥=4
2. A triangle with vertices (4, - 1), (7, 1) and (7, - 3).
3. Rectangular region bounded by the linesv=-u,v=uw,u+v=4, v-u=6
4. A triangular region bounded by the linesu =0, v =0, u +v =2
w +i 5
6. -l<u<lu>0 6. 6|=16
1) 1
0,-=fi= LU=
T [ 2] 2 .v=0
11. y=>0
12, (0,0}, (4, 0), (0,8), (- 4, 0); and isosceles triangle.
18. Negative real axis, positive real axis, v =4 (1 -u), 02 =4 (1 + u).
14. Region bounded by the parabolas v? =4 (1'% u), u® =1 -2v
5 3
18. 2-2‘(0.-—2J
18 @w=2t 7 P
z-1i 1+2
(©w =“11+”;mtu"+ v} +2u-m=0.
2i - 62 .
20. w-= e i For fixed points w = z gives
2°+32-21=0 or 2*-3z2-2=0
or (z-0(z=-200=0 . z=i2






